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Abstract—The main factors affecting the spatial characteristics of surface noise fields are changes in sound
speed and sea surface boundary perturbations due to mesoscale ocean phenomena and wind-induced noise,
respectively. This study derived the surface noise cross-spectral density sensitivity kernel for sound speed
changes and local boundary perturbations and analyzed their effects on cross-spectral density. Numerical
results show that the sound speed perturbations of any position in the entire observation plane changes the
surface noise cross-spectral density function in surface noise with finite frequency. The cross-spectral density
between two receivers in the vertical direction is the most sensitive to the sound speed changes of the region
between two receivers. Additionally, the influence depends on the relationship between the wavelength of
sound wave and the distance of two receivers. Scattering on the surface boundary perturbation would lead to
fluctuations in the cross-spectral density function. When the boundary perturbation along the horizontal
direction is distant from two receivers, the cross-spectral density sensitivity kernel for surface scattering oscil-
lates, and the influence of boundary perturbation on the cross-spectral density function gradually weakens.
Finally, the period of the cross-spectral density sensitivity kernel oscillations is a half wavelength of the sound
wave.
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perturbation
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INTRODUCTION
As an interference of ocean acoustic channel,

ocean ambient noise affects the detection perfor-
mance of sonar systems. The optimization design of a
sonar array can improve the detection performance of
a sonar system by studying the spatial characteristics of
the ocean’s ambient noise field [1], which is a tradi-
tional content of ocean ambient noise research. Ocean
ambient noise as an eternal field in ocean acoustics
can provide various data about the ocean medium,
such as the sound speed profile of a water column and
information on the ocean bottom and surface. Some
methods of obtaining medium information on the
basis of the spatial characteristics of ocean ambient
noise have been proposed. These methods include
sound speed profile extraction [2], bottom geoacous-
tic parameter inversion [3–5], time-domain Green’s
function extraction [6–8], and passive fathometer

technique [9]. Ocean ambient noise is no longer a use-
less interference signal because it can provide marine
medium information. Thus, studying ocean ambient
noise may greatly improve our understanding of the
marine medium.

The study of ocean ambient noise benefits from the
design requirements of sonar arrays that originated
from spatial coherence research (i.e., cross-spectral
density function of ocean noise field [10]). On the
basis of the ray model, Cron and Scherman [11] con-
sidered the deep sea as a homogeneous semi-infinite
space, assumed the directivity  of the sea surface
noise source, established a deep-sea ambient noise
model, and developed a prediction method of the hor-
izontal and vertical correlation coefficients of the sur-
face noise field. Based on this study, Chapman [12]
derived the expressions of noise intensity and vertical
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coherence function as functions of grazing angles.
Kuperman and Ingenito [13] assumed that noise
sources are randomly and continuously distributed on
an infinite plane close to the sea surface. The noise
propagation problem was studied on the basis of wave
theory, the contribution of near-field continuous and
far-field discrete spectra was considered, and the
noise coherence function of a horizontal stratified
waveguide was successfully predicted. Carey [14] used
the parabolic equation method to study the ambient
noise propagation in a range-dependent waveguide
and predicted the vertical spatial characteristics of the
noise field with a corresponding noise source model.
Harrison [15] demonstrated that a simple ray
approach can model sophisticated noise levels and
coherence effects based on ray theory. This method is
suitable for predicting high-frequency noise fields and
compensates for the limitation of the normal mode
and parabolic equation methods to a certain extent.

The spatial characteristics of noise fields have been
studied in various media through different acoustic
field modeling methods. At present, these spatial
characteristics can be used to extract ocean medium
information.

A simple method developed by Harrison and
Simons uses vertically beamformed measurements of
ocean ambient noise [5]. This method obtains a ratio
between averaged noise directly from the seabed and
that from the surface. In theory, bottom loss can be
accurately estimated through this method, but the
process requires perfect beamforming and averaging.
These requirements imply an infinitely long hydro-
phone array (i.e., infinitely narrow beams) and
infinite averaging time. A bottom loss estimate can be
smoothened with finite hydrophone arrays due to
beam widths, which are generally undesirable.
Smoothing in a bottom loss estimate can shift the
location of a critical angle or considerably reduce the
level of interference fringes if the seabed is layered.
Siderius and Harrison [16–18] proposed several
methods to extrapolate the vertical coherence func-
tion, which can improve the accuracy of reflection loss
extraction to a certain extent. Arnaud et al. [6]
extracted the time-domain Green’s function from the
spatial correlation functions of ocean ambient noise.
Meanwhile, a passive fathometer technique using
ambient noise was developed by Siderius and Harrison
[9]. The spatial characteristics of ocean ambient noise
provide bottom information, which can be used for the
inversion of bottom geoacoustic parameters. In real
ocean media, sound speed changes are unavoidable
and inevitably reflected in the spatial characteristics of
the ocean noise field due to the existence of mesoscale
phenomena, such as ocean currents, eddies, tides, and
internal waves. In a typical wind-induced noise (an
important source of the ocean ambient noise), a sur-
face boundary undergoes f luctuations [19]. Boundary
perturbations inevitably affect the spatial characteris-
tics of ocean noise field.
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The manner by which the spatial characteristics of
the noise field are used in the extraction of water col-
umn or sea surface information depends on the influ-
ence of the sound speed changes in the water column
and sea boundary perturbations.

Using sensitivity kernel in the study of the effects of
parameter perturbations on physical quantities is
emerging in the field of geophysics [20, 21]. This
approach provides a method for analyzing the effects
of parameter perturbations on the spatial characteris-
tics of ocean noise fields. In recent years, research on
sensitivity kernel has emerged in ocean acoustics.
Skarsoulis [22] derived the travel time sensitivity ker-
nel on the basis of Born approximation and analyzed
the effects of sound speed changes on travel time.
Dzieciuch [23] analyzed the structure and stability of the
sensitivity kernel. Notably, the travel time sensitivity ker-
nel has been applied in ocean acoustic tomography.

By using sensitivity kernel to analyze the effects of
parameter perturbations on physical quantities, this
study derived the surface noise cross-spectral-density
sensitivity kernel for sound speed changes and local
surface boundary perturbations. Moreover, the effects
of parameter perturbations on the physical quantities
on surface noise cross-spectral density function and
noise intensity were analyzed.

SURFACE NOISE CROSS-SPECTRAL DENSITY

In the marine medium shown in Fig. 1, ambient
noise is generated by wind-induced breaking waves
and rainfall. Assuming that the monopole noise
sources are uniformly distributed in the infinite hori-
zontal plane with a depth of , we denote the random
surface noise source term as  [24], where 
denotes the vector from the noise source point to the
receiver;  and  denote the density and sound speed,
respectively, of the water column;  and  denote the
density and sound speed, respectively, of the semi-
infinite seabed. According to Green’s function solu-
tion of sound fields in horizontally stratified media,
the velocity potential function of the surface noise
field composed of the monopole noise source can be
denoted as follows:

(1)

where  denotes the Green’s function
between the noise source located at  and the
receiver located at , thereby satisfying the follow-
ing Helmholtz equation:

(2)
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Fig. 1. Surface noise model in horizontally stratified
media.
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and the appropriate boundary conditions. The ambi-
ent noise cross-spectral density  is
defined as follows:

(3)

where the braces k l denote the statistical average, and
the superscript asterisk is the complex conjugation
operation. Substituting the velocity potential function
of the ocean ambient noise in Eq. (1) into the cross-
spectral density in Eq. (3) yields the following:

(4)

The cross-spectral density
 is assumed to be homoge-

neous and spatially dependent only on the distance
 between the noise sources  and ; q is

the surface source strength.

The strength between the noise sources  and  is
assumed to be irrelevant, and the cross-spectral den-
sity function is related only to the noise source spac-
ing, stated as follows:

(5)

Substituting Eq. (5) into Eq. (4) yields the following:

(6)

CROSS-SPECTRAL DENSITY SENSITIVITY 
KERNEL FOR SOUND SPEED 

PERTURBATION

In a real marine medium, the sound speed of a
water column is also affected by various natural fac-
tors, such as seasons, sunshine, internal waves, and
tides. The sound-field Green’s function should be first
identified to obtain the cross-spectral density function
representation of the surface noise field under the
sound speed perturbation. According to the first order
Born approximation, a disturbance of the sound speed
distribution by  causes a perturbation in the Green’s
function . The perturbed Green’s function

 satisfies the following equation:
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By subtracting Eq. (7) from Eq. (2) and adding the
term  to both sides, the following equation is
obtained:

(8)

The disturbance satisfies the same boundary/inter-
face/radiation conditions according to the unper-
turbed Green’s function. Hence, the integral repre-
sentation can be used by considering the right-hand
side of Eq. (8) as a function of r to be the source term.

(9)

By retaining the terms of the first order, the follow-
ing approximation for the perturbation of the Green’s
function is obtained:
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The perturbed Green’s function  is as follows:

(11)

Substitution of Eq. (11) into the integral term in
Eq. (6) yields the following equation:

(12)

By ignoring the terms of the second-order pertur-
bation  and retaining
those of the first order of the sound-field Green’s
function, the following equation is obtained:

(13)

The perturbed cross-spectral density function rep-
resentation of the surface noise field under the sound
speed perturbation can be obtained by combining
Eqs. (13) and (6) as follows:

(14)

An integral relation expressing the cross-spectral
density perturbation  in accordance
with the underlying sound speed variation  is as
follows:

(15)

where the kernel in the volume integral is the surface
noise cross-spectral density sensitivity and is
expressed by Eq. (16):
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sound speed distribution. Based on Eq. (15), the ker-
nel  provides a quantitative descrip-
tion of the cross-spectral density sensitivity

 to sound speed changes  at any 3D
location within the acoustic waveguide.

CROSS-SPECTRAL DENSITY SENSITIVITY 
KERNEL FOR SURFACE SCATTERING

Sea surface undulation is inevitable, considering
the ambient noise generated by wind-induced break-
ing waves and rainfall. The propagation from a source
at rs to a field point at r for the unperturbed waveguide
is presented by the Green’s function G0 at the fre-
quency ω.

The perturbed Green’s function is changed into
 when a local perturbation  is generated

at the air–water interface. The following equation is
obtained for a set of points  located at the air–water
interface by applying the Green theorem in the frame
of the first-order scattering Born approximation:

(17)

The following integral relation expressing the
cross-spectral density perturbation  in
accordance with the underlying local air–water inter-
face perturbation  is obtained by substituting the
perturbation in the Green’s function by  into Eq. (14):

(18)

where the kernel in the volume integral is the surface
noise cross-spectral density sensitivity for surface scat-
tering and is expressed by Eq. (19):

(19)

The linear operator (Eq. (18)) resulting from the
first-order Born approximation is the Fréchet deriva-
tive of the cross-spectral density with respect to the
local air–water interface perturbation distribution.
Based on Eq. (18), the kernel  pro-
vides a quantitative description of the cross-spectral
density sensitivity  to the local air–water
interface perturbation  at any 3D location
within the acoustic waveguide.
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Fig. 2. (a)—Real and (b)—imaginary parts of cross-spectral density sensitivity kernel at frequency of 20 Hz.
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Notably, the noise-intensity sensitivity kernel can
be obtained by setting  and  in the
expression of the surface noise cross-spectral density
sensitivity kernel. Fundamentally, the cross-spectral
density sensitivity kernel is complex, whereas the noise
intensity sensitivity kernel is real.

The present derivation for the cross-spectral den-
sity sensitivity kernel is based on the first Born (weak
scattering) approximation, which comprises reliable
cases of small perturbations. It is also called the single-
or weak-scattering approximation, or wave-field lin-
earization. Some literatures [25] show that when the
sound speed disturbance is less than 2%, the differ-
ence of scattering field between based on the second-
order Born approximation and based on first-order
Born approximation is small, so both can be consid-
ered identical. When sound speed disturbance is
greater than 5%, such difference is relatively large,

implying that secondary scattering cannot be ignored.
There is another literature [26] that discuss the validity
of the linear relation between cross-correlation delay
times and velocity model perturbations. Reference
[26] shows that the observed cross-correlation delays
remain sufficiently linear, depending on frequency, for
sharp velocity contrasts of up to 10 per cent in a check-
erboard model. Other methods, such as the Rytov
approximation, provide a better representation of the
transmitted or forward-scattered part of the wave field.

NUMERICAL ANALYSIS OF CROSS-
SPECTRAL DENSITY SENSITIVITY KERNEL

In this section, we present numerical results for the
cross-spectral density sensitivity kernel, assuming the
2D perturbations of a horizontally stratified back-
ground medium, as shown in Fig. 1. Hence, wave-
number integration techniques (Fast Field Process-

1 2z z z= = 1 2= =r r r

ing) can be applied to provide the unperturbed
Green’s function. The water depth is 100 m, the water
density is 1000 kg/m3, the sound speed of the water
column is 1500 m/s, the bottom density is 1800 kg/m3,
and the sound speed of an infinite half space is
1600 m/s. Thus, the monopole noise sources are uni-
formly distributed in an infinite horizontal plane with
1 m depth. The horizontal position of two reference
receivers is 200 m, and the depth values of the receivers
are 20 and 60 m. And the integration area for sensitiv-
ity kernels in numerical simulation is from 0 to 400 m,
the step of noise source distribution for integration is
1 m. The numerical results of the cross-spectral den-
sity kernel for the sound speed changes and local air-
water interface perturbations are shown in sections A
and B, respectively.

A. Surface Noise Cross-spectral Density Sensitivity 
Kernel for Sound Speed Changes

Figures 2 to 4 show the distribution of the cross-
spectral density sensitivity kernel for sound speed
changes ((a) the real and (b) imaginary parts of the
sensitivity kernel). As shown in the figures, the pertur-
bations of sound speed in the entire observation plane
lead to a change in the surface noise cross-spectral
density function because the noise source is distrib-
uted in an infinite horizontal plane. The sensitivity
kernel at 20 Hz is shown in Fig. 2. The vertical distance
between two receivers is less than the wavelength of
sound wave. Moreover, as the sound speed of the area
between two receivers increases, the real and imagi-
nary parts of the surface noise cross-spectral density
function decreases.

The real and imaginary parts of the cross-spectral
density sensitivity kernels are symmetric, with alter-
nating negative/positive/zero sensitivity. A positive
ACOUSTICAL PHYSICS  Vol. 66  No. 3  2020
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Fig. 3. (a)—Real and (b)—imaginary parts of cross-spectral density sensitivity kernel at frequency of 40 Hz.
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Fig. 4. (a)—Real and (b)—imaginary parts of cross-spectral density sensitivity kernel at frequency of 60 Hz.
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value for the real (or imaginary) part of  at a
particular location indicates that as the sound speed
increases at that location, the aforementioned section
of the cross-spectral density function also increases.
Conversely, a negative value for the real (or imaginary)
part of  indicates that as the sound speed
decreases, the real (or imaginary) part of the cross-
spectral density function also decreases. Finally, a zero
indicates that a change in sound speed has no effect on
the cross-spectral density function.

Sensitivity kernels at 40 and 60 Hz are shown in
Figs. 3 and 4, respectively. The effects of sound speed
perturbations on the cross-spectral density function
weakens as the distance between two receivers
increases.

( )C 'K r

( )C 'K r
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In the imaginary part of the cross-spectral density
function, the influential area of the effective sound
speed perturbations near the sea surface (i.e., noise
source) is larger than that close to the sea bottom. The
higher the surface noise frequency, the weaker the
effect of an area far from two receivers. The variation
region of the cross-spectral density sensitivity kernel
converges to the connection between two receivers,
while the frequency is absolutely high.

Figure 5 shows the variation in the cross-spectral
density sensitivity kernel along the vertical direction
connecting two receivers. Subpanels (a) to (c) of Fig. 5
show the sensitivity kernel with frequencies of 20, 40,
and 60 Hz (solid, dashed, and dotted lines, respec-
tively). The blue and red lines denote the real and
imaginary parts of the sensitivity kernels, respectively.
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Fig. 5. Variation in cross-spectral density sensitivity kernel with depth at horizontal position of 200 m for different frequencies.
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The real part of cross-spectral density sensitivity ker-
nel at 20 Hz is negative among the path connecting
two receivers, and the vertical distance between two
receivers is less than the wavelength of sound wave.
The vertical distance between two receivers is longer
than the wavelength of sound wave for 40 and 60 Hz.
The real part of the cross-spectral density sensitivity
kernel has a minimum point among the paths con-
necting two receivers, indicating a significant differ-
ence from the sensitivity kernel with 20 Hz frequency.
The location of the maxima is the position of two
receivers.

Figure 6 shows the sensitivity kernels of the hori-
zontal cross-spectral density function for two receivers
placed at 30, 50 and 70 m depth with 40 m horizontal
distance. It can be found that for two receivers placed
with horizontal distance, the peak values of cross-
spectral density sensitivity kernels are at the horizontal
positions of two receivers. The area in which the sound
speed variations lead significant variations in cross-
spectral density function is associated with the depth
of two receivers. In addition, the effects of sound
speed perturbations on the cross-spectral density
function weakens as the distance between two receiv-
ers increases.

Figures 7 and 8 show the noise-intensity sensitivity
kernel at 20 and 50 m depths, respectively. The noise
intensity is influenced by the sound speed changes
near the receiver. The sensitivity kernels near the
observation point are negative (the blue strip sur-
rounding the observation point) (i.e., as the sound
speed increases, the noise intensity decreases). In ray
theory, the ray is always bent in a lower sound speed.
Thus, when an increase in sound speed is detected
near the observation point, the acoustic energy diffi-
cultly reaches the observation point, thereby resulting
in a decrease in noise intensity.
ACOUSTICAL PHYSICS  Vol. 66  No. 3  2020
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Fig. 6. (a, c, e)—Real and (b, d, f)—imaginary parts of horizontal cross-spectral density sensitivity kernel at 40 Hz. Two receivers
placed at (a, b)—30 m, (c, d)—50 m, and (e, f)—70 m depth with 40 m horizontal distance.
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Fig. 7. Noise strength kernel with (a)—20, (b)—40, and (c)—60 Hz frequencies at (200, 20) location.
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The blue strip surrounding the observation point is
followed by a brightly colored one directly below it.
The sound speed increase in this area leads to an
enhancement of backscattering at this position, mak-
ing the noise propagating from the top to the bottom
spread to backscatter to the observation point; conse-
quently, the noise intensity increases at this point.

The noise-intensity sensitivity kernels show alter-
nations of negative/positive/zero sensitivity far from
the receiver in the horizontal direction. Moreover, the
farther the receiver, the weaker the effects of the sound
speed perturbations on the noise intensity. A positive
value for the noise intensity sensitivity kernel at a par-
ticular location indicates that as the sound speed at
that location increases, the noise intensity also
increases. Meanwhile, a negative value for the noise
intensity sensitivity kernel indicates that as the sound
speed decreases, the noise intensity also decreases.
Finally, a zero indicates that a change in sound speed
has no effect on noise intensity. As shown in Fig. 8, the
region affecting the noise intensity at 50 m depth is
mainly between the depths of the observation point
and the noise source. The lower the frequency and the
longer the wavelength of the sound wave, the wider the
region.

B. Surface Noise Cross-spectral Density Sensitivity 
Kernel for Surface Scattering

Figure 9 shows the surface noise cross-spectral
density sensitivity kernel for surface scattering, where
the lateral and vertical axes represent the horizontal
position of the boundary perturbation on the sea sur-
face and (a) the real and (b) imaginary parts of the
cross-spectral density sensitivity kernel, respectively.

For the noise cross-spectral density of two receiv-
ers in the vertical direction, the boundary perturbation
directly above two receivers has the greatest influence
on the cross-spectral density function. The cross-
spectral density sensitivity kernel for surface scattering
ACOUSTICAL PHYSICS  Vol. 66  No. 3  2020



CROSS-SPECTRAL DENSITY SENSITIVITY KERNELS 299

Fig. 8. Noise strength sensitivity kernel with (a)—20, (b)—40, and (c)—60 Hz frequencies at (200, 50) location.
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oscillates, and the influence of boundary perturbation
on the cross-spectral density function gradually weak-
ens when the boundary of the horizontal-direction
perturbation is far from two receivers. Moreover, the
period of oscillations of the cross-spectral density sen-
sitivity kernel is half the wavelength of the sound wave.

Figure 10 shows the noise-intensity sensitivity ker-
nels for surface scattering with (a) 20, (b) 50, and (c)
80 m depths. The values of the sensitivity kernels in the
area directly above the receiver are negative, indicating
that the positive perturbation of the upper boundary of
the receiver eventually results in a decline in noise
intensity. The reason is that the positive perturbation
indicates that the surface boundary is far from the
receiver, and the noise energy from the noise source to
the receiving point is weakened, thereby deteriorating
the total noise energy.

In Fig. 10a the receiver depth is 20 m. The oscillat-
ing amplitude of the noise intensity sensitivity kernel
increases with frequency. Specifically, the influence of
ACOUSTICAL PHYSICS  Vol. 66  No. 3  2020
the sea surface disturbance on the noise intensity
increases with frequency, and the acoustic wavelength
of this frequency is longer than the distance from the
receiver to the sea surface. In Fig. 10b the receiver
depth is 50 m, and the oscillating amplitude values of
the kernels with 30, 40, and 60 Hz frequencies are
nearly equal. In Fig. 10c the receiver depth is 80 m. In
this case, the oscillating amplitude of the noise-inten-
sity sensitivity kernel decreases at increasing fre-
quency. Specifically, the influence of the sea surface
disturbance on the noise intensity weakens when fre-
quency increases, and the acoustic wavelengths of
these frequencies are shorter than the distance from
the receiver to the sea surface. Therefore, when the
acoustic wavelength is longer than the receiver depth,
frequency increases and the influence of the sea sur-
face disturbance on the noise intensity increases.
When the acoustic wavelength is shorter than the
receiver depth, frequency decreases and the influence
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Fig. 9. Surface noise cross-spectral density sensitivity kernel for surface scattering.
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of the sea surface disturbance on noise intensity
increases.

Figure 11 shows the sensitivity kernels of the hori-
zontal cross-spectral density function. The real parts
of the kernels are symmetric with the center position
of the path connecting two receivers. The perturbation
of the upper surface boundary between two receivers
has the greatest influence on the real parts of the
cross-spectral density function.

When the boundary perturbation is far from two
receivers along the horizontal direction, the cross-
spectral density sensitivity kernel for surface scattering
oscillates, and the influence of boundary perturbation
on the cross-spectral density function gradually weak-
ens. Moreover, the period of the cross-spectral density
sensitivity kernel oscillations is half the wavelength of
the sound wave. However, the mark for the left/right
side of the imaginary part is the opposite.

CONCLUSIONS
An expression that linearly relates sound speed and

surface boundary perturbations at the air–water inter-
face to changes in the surface noise cross-spectral den-
sity function is derived in a waveguide. Numerical
results show some interesting phenomena stated as
follows:

(1) The sound speed perturbations of any position
in the entire observation plane can change the surface
noise cross-spectral density function because the
noise source is distributed in an infinite horizontal
plane. The sound speed perturbations along the path
connecting two receivers have the greatest influence
on the cross-spectral density function of the vertical
noise field. The influence of the sound speed pertur-
bations on the cross-spectral density function is weak-
ened as two receivers move far from it.

(2) Noise intensity sensitivity kernel decreases at
increased sound speed. This increase hinders the entry
of sound energy because the ray is always bent in a
lower sound speed.

(3) In the noise cross-spectral density of two
receivers in the vertical direction, the boundary per-
turbation directly above two receivers has the greatest
influence on cross-spectral density function. The
ACOUSTICAL PHYSICS  Vol. 66  No. 3  2020
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Fig. 10. Noise intensity sensitivity kernels for surface scattering with (a)—20, (b)—50, and (c)—80 m depths.
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Fig. 11. (a)—Real and (b)—imaginary parts of cross-spectral density kernel for two receivers placed at 20 m depth with 40 m hor-
izontal distance.
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cross-spectral density sensitivity kernel for surface
scattering oscillates, and the influence of boundary
perturbation on the cross-spectral density function
gradually weakens as the boundary of the horizontal
direction perturbation is far from two receivers. More-
over, the period of oscillations on the cross-spectral
density sensitivity kernel is half the wavelength of the
sound wave, and the positive perturbation of the sur-
face boundary causes the receiver to be far from the
surface, thereby resulting in a decrease in the noise
intensity.

Although the numerical analysis in this study is
limited to a 2D horizontally stratified homogeneous
range-independent waveguide, the sensitivity kernels
can be extended to arbitrary 3D ocean media, given
that the Green’s function of sound field in the corre-
sponding medium can be calculated. The cross-spec-
tral density sensitivity kernel presented in this study
provides a method for studying the influence of sound
speed and local surface boundary perturbations on the
cross-spectral density functions of surface noise fields.
Finally, the cross-spectral density sensitivity kernel
can be used for the inversion of sound speed profiles
and boundary perturbations when the cross-spectral
density function of ocean ambient noise can be
obtained accurately.
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