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Abstract— Transfer matrix method was applied in the study of stepped acoustic resonators. Transfer matrix
method was more competent in comparison with analytic method to investigate the acoustic properties ol
stepped acoustic resonator, especially multi-step acoustic resonator. With the help ol the numerical solution,

the resonance frequencies, the phase angles and th

e

radiation

iImpedances of stepped acoustic resonators

which consisted of one to five sub-tubes were studied theoretically and experimentally. The numerical solu-
tions were in excellent agreement with the experimental results.
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I. INTRODUCTION

In general, people use a tube closed at itstwo ends
as an acoustic resonator or standing-wave tube 11, 2.

This kind of resonator has an equidistant resonance

frequency spectrum in which

harmonics of funda-
with higher
Unlike that, there
resonator which consists of

mental resonance coincide

frequency
order resonance frequencies |3, 4.

iIs other kind of acoustic

twoormore sub-tubesofdifferent radiuses asshown
Fig.

in
| . With the geometric construction, the latter kind
of resonator has a nonequidistant spectrum, i.e., the
higher resonance frequencies are not the

tiples of the fundamental

integer mul-
|4 —7|.
Gaitan and Atchley called the former kind ofacoustic

resonance frequency

resonator as “harmonic" resonator and Y.J/1. llinskii
et al. called it “consonant"” resonator, while, for the
latter kind ofresonator. Gaitan and Atchley named it
as “anharmonic” resonatorand Illinskii et al. named it

“dissonant” resonator |8, 9|. Moreover, Denardo and

Alkov referred to the latter kind ofresonator as having

(), 11]. we called the latter
kind ofacoustic resonator as stepped acoustic resona-

“nonuniformity” Here,

tor.

Stepped acoustic

resonators arc very' interesting
apparatus in acoustic field. Forexample, people could
use them to obtain and study high-amplitude standing

wave in nonlinear acoustics 11,4 —7|. Gibiat et al. pre-

sented a theoretical and experimental investigation for
acoustic multiscattering in a stepped acoustic resona-
tor with a Cantor-like structure. Homothetic acousti-

cal features and forbidden bands as well as wave trap-

The article is published in the original.

492

ping phenomena were reported |I2].

piccewise-uniform

the

acoustic
unitsub-tube thatcan easily be changed, alterations of
the

lized to change the

Because

apparatus has a simple

nonuniformity in cross-sectional area were uti-
resonance frequency and to yield
two. three, or four frequencies whose differences cor-
respond to musical intervals. The effect ofnonunifor-
mity on acoustic waves as educational demonstration
has been fully displayed bv Denardo and Bernard 110,

On solving resonance frequenciesoftwo-step reso-
nator, Denardo and Bernard gave three different ana-
lytic methods: imposing boundary conditionson solu-

tions of wave equation, the energy method of Ray-

leigh, and the theorem of adiabatic invariance. The
solution procedure was somewhat complex, however.
Furthermore, to solve analytically resonance fre-

quency would become more and more difficult as the
number of sub-tube let the

acoustic quantities such as phase angle and
111.

increases, alone other

radiation
impedance |8, K),

Transfer matrix method was first applied by Stewart

and Lindsay to acoustic filter design in 1930 113, 14].
This method was also called two-port or four-pole
method, and meanwhile, the transfer matrix was
Sub-tube n Sub-tube 2 Sllb.tubec |
P,r Vn R" 1I'v" P2' v2 Ph 21 Ad v0

Fig. 1. Geometry ofthe //-step resonator.
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called transmission matrix or four-pole parameter

representation. Transfer matrix method has most often

been applied to the characterization of duct system

component, exhaust silencer, etc. Transfer matrix

method could also be applied as an adjunct to bound -
Unite element method in

ary element method or

noise-control design procedures.

W ith transfer matrix method, it was convenient to
model an acoustic apparatus which consists ofone or
more acoustic units. Each acoustic unit can be simply
regarded as a “black box™ with two ports, one is input
portand the other— output port 115, I16|. Any individ-
ual transfer matrix presenting each acoustic unit is
derived by solving aconstant-coefficient acoustic state
variable differential equation. As for the whole acous-
tic matrix of an acoustic apparatus of more than one
acoustic unit, apart from individual transfer matrices,
there isa connection matrix between every two adja-
individual transfer matrices. The whole transfer

then

cent

matrix for the overall acoustic apparatus is
obtained by multiplying in turn the individual transfer
As a

acoustic analysisofsuch an apparatuscould be greatly

m atrices and the connection matrices. result,

simplified with the transfer matrix method.

Taking air as working medium, in this paper we
used the transfer matrix method to investigate acoustic
properties of stepped acoustic resonators which con -
sistofone to live sub-tubes at room temperature. With
the help of transfer matrix, the resonance frequency,

the phase angle and the radiation impedance were
studied theoretically and experimentally. The method
can be extended to any other multi-step acoustic reso-

nator.

2. TRANSFER MATRIX METHOD

The geometry of the //th sub-tube of the stepped

resonator isshown in Fig. 2,and itsequivalent circuit

iIsshown in Fig. 3. Asshown in Fig. 2, /, is the length
of the //th sub-tube and d,, isthe diameter. In Fig. 3,
Y,, = p,jC|) is the acoustic characteristic impedance,

where pwisthe airdensity and cOisthe sound speed in
air. The individual transfer matrix of the //th sub-tube
iIsa 11) matrix | 7J, a2 x 2transfer matrix, which con -
nects the sound pressure pnand the normal acoustic
particle velocity v,, on the

the out port of the (// — I)th sub-tube,

input port with those, /;,, ,
and v,, ,, 0n

i.c\.

UeldU-e‘X + e iU-e" X )
Ph  — 2
} 1 iJ k,-nit-,n “M -« 1.
Y. — (e e - e e

n
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Iy, («) 1, (#») Pn -1

/[l = 1, 2.3.... (I)
YT 1

It isthen of interest to determine the fourelements
of the | 7'J.
Eg. (1). the acoustic variablesat one port can be deter-

individual transfer matrix As shown in
mined by the plane wave components at the other port
if the | 7,1

the elements transfer

individual transfer matrix iIs known, since
of the | 7,

directly relate the acoustic variables ofthe two ports.

individual matrix
Taking /;Aias the sound pressure amplitude ofposi-

tive-going plane wave and />/lras that of negative-going

plane wave, meanwhile u, = 6.36 x 20 AJf/d,, as the

attenuation coefficient 111, one may express the pres-
the //th sub-tube in
terms of the positive- and negative-going plane wave

sure and the particle velocity in

components, i.e..

(2)
"r* N«x»/+ An

J(«om! - Kk x\
+ VA,e e

/. .
v-(.v) = vMe e

Thus, the pressures and the particle velocities on the
input and output ports have the following relationship:

Pp. = 0Opa,+?2n, = A~ /V - "'-
(3a)
,in. «/l -iki. -a./
-Pn-M" e + e C ) |
117 P,, N Pi. «,/,
v n =
V,4r 2L Y, ' C
P, -Te-*".¢e
+ 1lv, |+
I (3b)
I, . Jl. a.1l -0/- -« .
= j\v,,  |(£' e + e e )
Pn- 1/ =kI* U«-  ol«v i
- -~ (e c - € e )

The acoustic variables ofthe two portscan be linked as

2 Pn- 1

y n-[
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Obviously, the individual transfer matrix |/, | is

(e’ e+ c
LI(I1)] =
o/l. <«pn -PL
2 K

One may note in the individual

[, (1) =

transfer matrix |7/f]. This results from the constraints

7::(11)

placed on the individual transfer matrix elements by
the requirements of symmetry when the acoustical
unit is reciprocal. For the //-step resonator, the con-
nection matrix |.Y;] isalso a 2 x 2 transfer matrix 1171,

The overall transfer matrix then is

(6)

where sn = that makes for the connection

\S,,\

the diameter discontinuity between the //th and the

d~Jd'n_,

matrix represents the KirchholT conditions at

(/l — 1)th sub-tubes. By imposing port conditions, the

acoustic

properties of the stepped resonator can be

obtained from the equations on the elements of the

overall transfer matrix. These equations usually can
onlv be solved numerically because they are transcen-
denial about the angular frequency o>. Compared with
analytic method, when the number of the sub-tubes
matrix method would become

increases, transfer

increasingly convenient with the help of numerical

solution.

3. EXPERIMENTAL SETUP

The experimental setup consists of three parts as
shown in Fig. 4, namely the stepped resonator, the sig-

nal driver, and the signal processing system.

3.1. The Stepped Resonator

All sub-tubes ofthe stepped resonators are made of
stainless steel and are connected with stainless steel
stepping ring. The two ports of all the stepped resona-
tors are capped by stainless steel caps. In the centerof

each there

cap, iIs a micropore of 7 mm to install

microphone. The thickness ofall rings, caps and sub-

tubesexceed 10mm so thatthe whole stepped resona-

| Jkll U1/1 'jkl, 'a,/,
- (ee + e e
Pi
* 1 Jk*™ 1'1 Nn"7A/, «a,l/,
—-mmm- (e e - e e
2p«cO

()

tor is heavy enough to overcome the influence of

vibration induced by loudspeaker. There are live dif-
ferent types of tube employed as the sub-tube in the
present paper. The dimensions of them are listed in

table.

For comparison, the lengths of all tubes are

approximately equal to 1000 mm.

3.2. Hie Signal Driver

The loudspeaker McCauley 2010 used here ismade
in America and whose caliber is 10 ft and resistance
8 £2. Through a horny stepping ring, the loudspeaker is
connected to the hole at the input port ofstepped res-
The
DSAI850B also made in America and the drive signal

issent by the control block 7540 of B& K Pulse3560C.

onator. loudspeaker is driven by the amplifier

3.3. Hie Signal Processing System

The signals of sound pressure at both ports of the

stepped resonator are acquired by the microphones
installed in the pores ofthe two port caps. Both ofthe
microphones are electret microphone BK4944 whose
1.0 mV/Pa and

respectively. The signals gathered by two

sensitivity and measuring
46-170 dB

microphones are real-time processed bv the control
block ofthe B&K Pulsc3560C.
The

spheric pressure and real-time
linked to the B& K Pulse3560C.

range are

experiment was operated al ambient atm o -

monitored by a PC

4. RESULTS
4.1. One-Step Acoustic Resonator

Among all stepped acoustic resonators, the one-
step resonator has the simplest construction. Its trans-
fer matrix isthe base ofthose ofthe following kinds of
stepped resonators. According to Eqs. (4)and (5), the
acoustic variables ofthe two portsofone-step resona-
tor have the relation

Po

| kI, m,l, kI, |/|,/,) v 0
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Here and next, there isa boundary condition that the
particle velocity v*, = 0 since the output ports of all

stepped resonators arc scaled oil*rigidly 11X]|.

With Eq. (7), the numerical solutions of resonance
frequency, phase angle and radiation impedance were
shown in Fig. 5. Meanwhile, the experimental results
of resonance frequency and phase angle were also

shown. The numerical solutions are in good agree-

ment with the experimental results. The resonance
frequencies, the peaks and the valleysofSPTF (sound
pressure transfer function), distribute evenly in fre-
quency domain and all the valleysapproach /ero. That
means the one-step resonator has an equidistant reso-
nance frequency spectrum. The peaks correspond to
the fact that the length of one-step resonator is equal
to the odd times of half-wavelength while the valleys

correspond to the even multiples of half-wavelength.

The phase angle isthe relative phase angle between
the sound pressures of the input and the output port,
which are /;, and pO0, respectively, here. The absolute
values of phase angle of the peak resonance frequen-
cies are about 90° while those of the valley resonance
frequencies are aboutO°or 1X0°. The radiation imped -
ance isthat ofthe input port, namely p jv x The radi-
resonance fre-
104 kg/cnv,
then the radiation impedances of the other valley res-

ation impedance of the first valley

quency is maximum, which exceeds 4 x

onance frequencies decrease in sequence although the
SPIT of all the

almost the same.

valley resonance frequencies are

By contrast, the radiation imped-
ances of the peak resonance frequencies are very low
and almost approach zero, but now the peaks ofreso-
nance frequencies decrease one after another and the

maximum exceeds 40 d B at the first peak.

4.2. Two-Step Acoustic Resonator

The acoustic properties, especially the dissonant
properties, ofa two-step acoustic resonator have been
studied by ourteam |[4.7|. Byoptimizing the two-step
resonator, with its dissonant

acoustic properties, a

| jk1, a,/, ikl m,l
-(< e + e e
Pi
jkl, a,l —J kI
vl - (e e — e e
2P 1A
| a1, 0o jkl, -a,l
-(E' e + e e )

v o1 a9 (f V"7 -

2 Pocod\
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Fir.2.Geomem ofthe //ih sub-lube.

Kr A-/,, *

t 1

Hr.5. Equivalent circuit ol the/nh sub-tube.

Stepped ruiy
i / |

Cap It

Loudspeaker
nrncT1
“
1*0
Amplifier

Hr.4.Schematic ofexperimental setup.

1X4 dB extremely nonlinear pure standing-wave field
has been obtained at the first resonance frequency. The

transfer matrix of two-step resonator is the bridge

through which the transfer matrix can evolve from

one-step resonator to multi-step ones. Following

Eqgs. (6)and (7).the acoustic variablesofthe two ports
ofa two-step acoustic resonator can be linked as

| IA7, 4i.l. —kl, a»/»
p11<.n(£l ? = e e )
| jkl n,l. jkl a,l
) -(e e + e e )
2
(X)
ikl, a,l, ik, -a,l,
-p ., cll(E e - e e )
Pa
+

d |
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Inipcd;incc
E Real pan
| = Imaginan. pan ;
CL
< <e)
0 50 100 150

Frequency, Hz

Hr.5.One-step resonator.

If attenuation is neglected, with boundary' condition
v))= 0, Eq. (8) can give the following resonance con -
dition 171

tan(A7 ,)tan(A/2) = d\/d\. (9)

The resonance condition Eq. (9) istranscendental and
the same as that figured out by the analytic methods

11, 19]. The frequencies corresponding to kK in Eq. (9)

Dimensions of nos. I'to 5 sub-tube

_ Inner Cut-oil'fre-
Wall thick- Length, :
No. diameter, quency. latm,
ness, mm m m
m m 20°C, Hz
1 10 1009 89 2261
2 10 1001 49 4107
3 10 1003 24 8385
4 5 1001 15 13416
5 7 1002 3 25155

0 100 200 3(H) 400
Frequency. H/

Frequency, Hz

Hr. 6. Two-step resonator.

are the resonance frequencies and can be worked out

numerically with Eq. (9).

Using Eqg. (8), the
nance

numerical solutions of reso-

frequency, phase angle and radiation imped-
ance were shown in Fig. 6. The experimental resultsof
the first two, resonance frequency and phase angle,
were shown in Fig. 6 at the same time. Obviously, the
numerical solutions are in excellent agreement with

the experimental results. In contrast to those of the
one-step resonator, the resonance frequencies of the
two-step resonator do not distribute evenly in fre-
quency domain and the SPTF ofvalley resonance fre-
quencies do not always approach zero any more. The
two-step resonator has a

nonequidistant resonance

frequency spectrum, and the length of the two-step
resonator isneitherequal to the odd times nor the even
multiples of half-wavelength at the resonance fre-
quencies. Nevertheless, the absolute values of phase
angle ofthe peak resonance frequencies are still about
90°, and meanwhile those ofthe valley resonance fre-

quencies are about 0° or 180 °.

ACOUSTICAL PHYSIC'S Vbl. 60 No. 4 2014
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Impedance |
Real pad |
Imaginary pad
& r
AO
1 L. 1 1 1
0 50 100 150 200 250

Frequency, Hz

Fig. 7. Three-step resonator.

Additionally, the radiation impedances ofthe valley

resonance frequencies do not decrease in sequence
although all the radiation impedances ofthe peak res-
onance frequencies are still very low. The maximum of
radiation impedance appears at the second valley res-

|O4 kg/cnr,

then the SPTF ofthe resonance frequency isthe min-

onance frequency and approaches 3 X

imum .

4.3. Multi-Step Acoustic Resonator

Taking the transfer matrix of the one-step acoustic
resonatoras the starting point, the research ofthe two-

resonator has tentatively displayed the
study of

step acoustic
capacity of transfer matrix method in the
stepped resonator. As the number ofthe sub-tubes of
stepped resonator increases, compared with analytic
method, the

would become more and more remarkable. In the case

advantage of transfer matrix method

of multi-step acoustic resonators, transfer matrixes
can be worked out readily according to Eq. (6)and the
boundary conditions of all output ports are vo = 0 as

above.

ACOUSTICAL PHYSICS Vbl 60 No. 4 2014

r Impedance
Real pad
Imaginary pad

R — S 1 i i

0 50 100 150 200
Frequency, Hz

Fig. 8. Four-step resonator.

As for the three kinds of multi-step resonators,

namely the three-step resonator, the four-step resona-
tor and the Five-step resonator, besides the numerical
both the experi-

solutions of radiation impedance,

mental results and the numerical solutions of reso-
nance frequency and phase angle were shown in
Figs. 7—9 as well. Unlike the one-step acoustic reso-

nator. all the three multi-step resonators work the
same asthe two-step acoustic resonator in terms ofthe
acoustic properties. The resonance frequenciesdo dis-
tribute unevenly in frequency domain, i.e.. the multi-

step acoustic resonators likewise have the dissonant

acoustic properties as the two-step acoustic resonator.

Besides, forany ofthe multi-step resonators, the peak

resonance frequencies appear in groups and every

group isseparated by a valley resonance frequency of
which the SPTF approximates zero. The number of
peaks in each group is equal to the number of sub-
tubes of the multi-step resonator, because the lengths

ofeach sub-tube arc nearlv the same.

Still like the two-step acoustic resonator, for each

multi-step resonator, the absolute values of phase

angle ofthe peak resonance frequencies are about 90°,
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Frequency, Hz

Fig. 9. Five-mep resonator.

and meantime those of the valley resonance frequen-
cies are about 0° or 180° In addition, even7valley res-
onance frequency corresponds to one peak of radia-
tion impedance and the minimal valley of the reso-
nance

frequency corresponds to the

The radiation
impedance ofthe three kinds of multi-step resonators

maximum of

radiation impedance. maximum of

decreases one bv one from more than to less than 2 X
I04kg/cm 2.

5.CONCLUSIONS

Transfer matrix method was used to

study the
stepped acoustic resonators. Taking the transfer matrix
of one-step acoustic resonator as a starting point, the
transfer matrix of multi-step acoustic resonatorcould

be developed

conveniently from

that of two-step
acoustic resonator. With the help of numerical solu-
tion, transfer matrix method was more competent in

comparison with analytic method to

investigate the
acoustic properties of stepped resonators, especially
multi-step resonators. With the help oftransfer matrix
method, the resonance frequencies, the phase angles

and the radiation impedances ofthe stepped acoustic
resonators which were composed of one to live sub-
tubes were studied theoretically and experimentally.
The numerical solutions were in excellent agreement

with the experimental results.

The one-step acoustic resonator had an equidistant

resonance frequency spectrum in which the resonance
distributed frequency domain

while the resonance frequencies of the other stepped

frequencies evenly in

acoustic resonators were nonequidistant and appeared
in groups. For all the stepped acoustic resonators, the
valley resonance frequenciescorresponded to the peaks
ol radiation impedance, and meanwhile, the peak reso-
nance frequencies corresponded to the valleysofradia-
tion impedance. Except the one-step acoustic resona-

tor. the

maximum of radiation

impedance corre-
sponded to the minimal valley of resonance frequency
for any other stepped acoustic resonators. In addition,
the absolute values ofphase angleofthe peak resonance
frequencies were about 90°. and those of the valley res-

onance frequencies were about 0°or 180°.
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