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PHYSICAL ACOUSTICS

Can’t One Really Hear the Shape of a Drum?1
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Abstract—In this paper we study the wave and the Klein—Gordon equations in frontiers with the same set of 
eigen values using a computational algorithm based on the finite difference method and the discrete Fourier 
transform. Doing this we found that although the set of eigen values in the two shapes are equal, the intensities 
in the spectrum are different, which means that the question, can one hear the shape of a drum? is still open.
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IN T R O D U C T IO N

W h en  you h e a r  a  b an d  you are  ab le to  d istinguish  
each  in s tru m e n t by  its sound . In  d rum s, th e  so u n d  is 
d e te rm in ed  by  th e  m ateria l, h o w  tigh t th is is, an d  by its 
shape. A  very in te resting  q u es tio n  th a t arises th e n  is to  
d e te rm in e  h o w  m u c h  in fo rm a tio n  ca n  be  o b ta in ed  of 
th e  so u n d  p ro d u ced  by th e  d rum . T his p ro b lem  was 
discussed by  M ark  K ac, w ho in  1966 pu b lished  a  p a p e r 
ca lled  C an  o n e  h e a r  th e  shape  o f  a  drum ? [1, 2, 8] 
w h ere  he  explores th e  possib ility  o f  acknow ledging  th e  
sh ap e  o f  a  d ru m  just by  know ing  th e  se t o f  n o rm a l 
v ib ra ting  frequencies. D u rin g  th e  sam e e p o ch  this 
p ro b lem  was solved by  J o h n  M ilnor, w ho  show s two 
reg ions in  d im en sio n  16 th a t sh a re  th e  sam e  se t o f  
eigen  values fo r th e  o p e ra to r  —V 2. In  o n e  d im en sio n  it 
is obvious th a t th e  set o f  eigen  values is p len ty  eno u g h  
to  k now  th e  len g th  o f  “th e  d ru m ” . B ut in  two d im e n ­
sions th e  p ro b lem  rem ain ed  w ith o u t so lu tio n  till 1992, 
w h en  G o rd o n  an d  Web show ed in  th e ir  p a p e r  “You 
c a n ’t  h e a r  th e  shape  o f  a  d ru m ” [3] two regions th a t 
share  th e  sam e se t o f  eigen  values fo r th e  o p e ra to r  —V 2.

A m ong  th e  th ings th a t c a n  be  acknow ledged  by  th e  
so u n d  o f  a  d ru m , th e re  a re  two m ean ing fu l results, one  
says th a t it is possib le to  k now  th e  d ru m ’s area. This 
was a  co n jec tu re  p ro p o sed  by L oren tz  an d  proved by 
H e rm a n  Weyl. H e  was capab le  to  prove it using  th e  
th eo ry  o f  in teg ra l e q u a tio n  th a t h is  te a c h e r  H ilb e rt h ad  
developed a  few  years before. T h e  e q u a tio n  is as fo l­
low s:

l im N d )  = 0 ,  (1)
0 f  2 n

w h ere  |Q | is th e  area  o f  th e  d ru m  an d  N ( f ) is th e  n u m ­
b e r o f  eigen  values less th a n  f . A n d  th e  seco n d  is th e

1 T h e  a r t i c le  is  p u b l i s h e d  i n  t h e  o r ig in a l .

possib ility  to  d e te rm in e  w h ich  kinds o f  co n d itio n s are 
im posed  o n  th e  frontier, as c a n  be  seen  in  [4, 21].

P R E L IM IN A R IE S

T h e  K le in—G o rd o n  e q u a tio n  (K —G ) is th e  re la tiv ­
istic version  o f  th e  S ch ro d in g er eq u a tio n  fo r a  p artic le  
w ith o u t sp in . I t was p ro p o sed  by  O skar K le in  an d  
W alter G o rd o n  an d  c a n  be  o b ta in ed  tak ing  th e  H a m il­
to n ia n  relativ istic  o f  a  free partic le :

H  = > J p 2 c  + m 2 c4. (2)
R ew riting  th is e q u a tio n  in  th e  te rm s o f  th e  o p e ra ­

tors, w e ca n  get to

i  h  = J - h 2  c2V 2 + m 2 c4 (3)
d t

B ut th e  square  ro o t in  th is eq u a tio n  has som e p ro b ­
lem s, like th e  relativ istic  invariance  is n o t c lea r due  to  
th e  lack  o f  sym m etry  betw een  space an d  tim e  c o o rd i­
nates. To solve th is  p ro b lem  an d  ge t rid  o f  th e  square 
ro o t, it is c o m m o n  to  u se  th e  H a m ilto n ian  sq u are  like 
this:

i .-ч2»у» 2 2
V 2¥  -  ¥  -  m c  ^  = 0 (4)

2 2 2 
c  d t  h

T his is kn o w n  as th e  K le in—G o rd o n  eq u a tio n , an d  
as we w ill show  th e  base  sta tes are  th e  sam e o f  th e  o p e r­
a to r  —V 2, so th e  results o f  G o rd o n  an d  W ebb, see [3], 
w here  th ey  proved th a t it is im possib le  to  know  th e  
shape  o f  a  d ru m  ju s t by  know ing  its set o f  eigen  values, 
is also valid  fo r th e  K —G  eq ua tion . B ut know ing  th e  set 
o f  eigen  values is n o t en o u g h  to  d e te rm in e  h o w  is going 
to  be  th e  so und  p ro d u ced  by th e  d rum ; th is in fo rm a­
tio n  on ly  gives us a  h in t o f  how  th e  frequencies th a t are  
going to  com pose  th e  sou n d  o f  th e  d ru m  are. To have a
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r e a l  k n o w l e d g e  o f  t h e  d r u m ’ s  s o u n d ,  w e  m u s t  h a v e  

i n f o r m a t i o n  a b o u t  h o w  i n t e n s e  a r e  t h e s e  e i g e n  f r e ­

q u e n c i e s  i n  t h e  s o u n d  p e r c e i v e d  b y  o u r  e a r s .  I n  o r d e r  

t o  d o  t h i s ,  w e  a r e  g o i n g  t o  s t u d y  t h e  t e m p o r a l  e v o l u t i o n  

o f  t h e  w a v e  a n d  t h e  K l e i n — G o r d o n  e q u a t i o n s .

N U M E R I C A L  M E T H O D

H e r e  w e  s o l v e d  t h e  w a v e  a n d  t h e  K l e i n — G o r d o n  

e q u a t i o n s  f i n d i n g  t h e  a c c e l e r a t i o n  o f  e a c h  p o i n t  o n  t h e  

g r i d  t r o u g h  f i n i t e  d i f f e r e n c e  m e t h o d  a s  f o l l o w s :  f i r s t  w e  

s t a r t e d  b y  d i s c r e t i z i n g  t h e  s p a t i a l  d e r i v a t e  t r a n s f o r m ­

i n g  t h e  e q u a t i o n s  i n

d t 2

— 4J‘ 4J‘ 4J‘= A ¥ i,j, ¥ i- l,j, ¥ i + l,j, ¥ i,„ A +У). (5)

W h e r e  t h e  s u b - i n d i c e s  d e n o t e  s p a c e  a n d  t h e  s u p e r ­

i n d i c e s  d e n o t e  t i m e .  T h e r e f o r e  w e  h a v e  a n  e x p r e s s i o n  

f o r  t h e  a c c e l e r a t i o n  f o r  e a c h  p o i n t  o n  t h e  g r i d  a n d  

u s i n g  t h e  E u l e r  m e t h o d  w e  c a l c u l a t e  t h e  p o s i t i o n  o f  

e a c h  c e l l  f o r  e a c h  t i m e  s t e p .

D o i n g  t h i s  w e  a r e  a b l e  t o  s e t  t h e  f u n c t i o n  ¥ ( x ,  y ,  t )  

a s  a  v e c t o r  o f  N 2  c o m p o n e n t s .  O f  c o u r s e  w e  a r e  t h i n k ­

i n g  i n  a  t w o  d i m e n s i o n a l  c a s e  w h e r e  t h e  s q u a r e  d r u m  

h a s  b e e n  r e p r e s e n t e d  b y  a  g r i d  o f  N  x  N .  T h e r e f o r e  t h e

f u n c t i o n  ¥ ( x ,  y ,  t )  i s  w r i t t e n  a s  ¥ ^ j  a n d  d o i n g  t h i s  t h e  

w a v e  a n d  t h e  K l e i n — G o r d o n  e q u a t i o n s  a r e  t r a n s ­

f o r m e d  i n :

->i +1
¥

—> i -Ы -  1
=  A  ¥  +  B  ¥ (6)

w h e r e  A  a n d  B  a r e  o p e r a t o r s  t h a t  o p e r a t e  o v e r  t h e

—>i
e s t a t e s  ¥  .  N o w ,  i t  i s  v e r y  i m p o r t a n t  t o  n o t i c e  t h a t  i t  i s  

p o s s i b l e  n o t  o n l y  t o  a d v a n c e  i n  t i m e ,  b u t  t o  g o  b a c k -

-»i- 1 -» i+1 -»i
w a r d s  i n  t i m e ,  w r i t i n g  ¥  i n  t e r m s  o f  ¥  a n d  ¥  . 

M o r e  a b o u t  s i m i l a r  v i b r a t i o n a l  p r o b l e m s  [ 1 9 ,  2 0 ]  a n d  

t h i s  k i n d  o f  m e t h o d s  a n d  i t s  c o n v e r g e n c e  c a n  b e  s e e n ,  

f o r  e x a m p l e ,  i n  [ 5 ,  6 ,  1 0 ,  1 1 ] .

M E T H O D  F O R  F I N D I N G  T H E  E I G E N  V A L U E S  

A N D  E I G E N  F U N C T I O N S  F O R  T H E  K G  

A N D  T H E  W A V E  E Q U A T I O N S

N o w  w e  w a n t  t o  k n o w  t h e  s e t  o f  t h e  e i g e n  f u n c t i o n s  

a n d  t h e  e i g e n  v a l u e s .  I n  t h e  K — G  e q u a t i o n ,  w e  a r e  t r y ­

i n g  t o  f i n d  t h e  e n e r g i e s  a v a i l a b l e  o f  a  p a r t i c l e  c o n f i n e d  

i n  a  t w o  d i m e n s i o n a l  b o x  a n d  i t s  q u a n t u m  s t a t e s ,  a n d  

i n  t h e  c a s e  o f  t h e  w a v e  e q u a t i o n  w e  a r e  l o o k i n g  f o r  t h e  

n o r m a l  m o d e s  o f  o s c i l l a t i o n  a n d  i t s  f r e q u e n c i e s .

S o  t h e  g e n e r a l  p r o b l e m  w i l l  b e  t o  s o l v e  t h e  f o l l o w ­

i n g  e q u a t i o n :

d 2 ¥  d 2 ¥

/ - . 2  л  2
d x  d y

1 d 2¥ 2 2  
m  c = 0

c dt2
(7)

o n  a n  r e g i o n  u n d e r  D i r i c h l e t  c o n d i t i o n s  i n  t h e  f r o n t i e r  

f o r  a  c e r t a i n  i n i t i a l  c o n d i t i o n  f ( x ,  y ) .

B u t  b e f o r e  w e  b e g i n  t o  e x p l a i n  t h e  w a y  t o  f i n d  i t s  

e i g e n  v a l u e s  a n d  e i g e n  f u n c t i o n s ,  i t  i s  i m p o r t a n t  

t o  n o t i c e  t h a t  f o r  t h e  K — G  e q u a t i o n ,  t h e  f u n c t i o n  

¥ ( x ,  y ,  t )  c o u l d  b e  w r i t t e n  a s  R ( x ,  y ) T ( t )  t r a n s f o r m i n g  

t h e  K — G  e q u a t i o n  i n  t w o  o r d i n a r i e s  d i f f e r e n t i a l  e q u a ­

t i o n s  l i k e

dT-
dh2

—w T,fv n ± ’
V 2 R = - ^ L - ^  R,

c

(8)

w h e r e  a  =  m 2 c A / h 2 .

S o  t h e  s t a t e s  a v a i l a b l e  f o r  t h e  p a r t i c l e  a r e  t h e  

s a m e  a s  t h e  n o r m a l  s t a t e s  o f  a  c l a s s i c a l  d r u m ,  w i t h  

t h e  d i f f e r e n c e  t h a t  t h e  o s c i l l a t i o n  f r e q u e n c i e s  c a n  

c h a n g e  d e p e n d i n g  o n  t h e  c o n s t a n t .  M o r e  a b o u t  t h e  

K —  G  e q u a t i o n  c a n  b e  f o u n d  i n  [ 9 ,  1 3 — 1 6 ] .

N o w  w e  a r e  g o i n g  t o  f i n d  t h e  e i g e n  f u n c t i o n s  R  a n d  

i t s  e i g e n  v a l u e s .  I n  o r d e r  t o  d o  t h i s ,  w e  s o l v e d  t h e  p r o b ­

l e m  p r o p o s e d  i n  ( 7 )  u s i n g  o u r  a l g o r i t h m .  R e m e m b e r  

t h a t  i n  t h e  c a s e  o f  t h e  w a v e  e q u a t i o n  m  =  0 .

B u t ,  o f  c o u r s e ,  f i n d i n g  t h e  s o l u t i o n  ¥ ( x ,  y ,  t )  f o r  

a n y  t i m e  i t  i s  n o t  e n o u g h  t o  g e t  t o  o u r  m a i n  t a r g e t ,  b u t  

t h i s  i s  t h e  p a t h  t o  g e t  t o  i t .  W e  a r e  g o i n g  t o  h a v e  i n t o  

a c c o u n t  t h e  f a c t  t h a t  a n y  s t a t e  o f  t h e  s y s t e m  c a n  b e  

w r i t t e n  a s  a  l i n e a r  c o m b i n a t i o n  o f  t h e  b a s i s  s t a t e ,  s o  w e  

a r e  g o i n g  t o  p u t  t h e  s y s t e m  i n  a n  i n i t i a l  s t a t e  f ( x ,  y )  a n d  

t h e n  e v o l v e  i t  f o r  a  l o n g  t i m e ,  s o  w e  w i l l  c a l c u l a t e  t h e  

F o u r i e r  t r a n s f o r m  o f  o n e  p o i n t  o f  t h e  s y s t e m .  T h e r e ­

f o r e  w e  o b t a i n  s e t  o f  f r e q u e n c i e s  t h a t  c o m p o s e  t h e  

w h o l e  o s c i l l a t i o n ,  a n d  i n  t h e  c a s e  o f  t h e  K — G  e q u a t i o n  

t h e  s e t  o f  e n e r g i e s  a v a i l a b l e  f o r  t h e  p a r t i c l e  e n c l o s e d .

I n  o u r  a l g o r i t h m  i t  i s  i m p o r t a n t  t o  b e  c a r e f u l  w i t h  

t h e  p o i n t  o n  w h i c h  w e  c h o o s e  t o  c a l c u l a t e  t h e  F o u r i e r  

t r a n s f o r m ,  b e c a u s e  i f  w e  c h o o s e  a  p o i n t  i n  w h i c h  t h e  

e i g e n  f u n c t i o n  t h a t  w e  a r e  i n t e r e s t e d  i n  h a s  a  n o d e ,  w e  

a r e  n o t  d e t e c t i n g  i t s  e i g e n  v a l u e .  O n c e  w e  h a v e  t h e  

e i g e n  v a l u e s  w e  a r e  g o i n g  t o  r e p r o d u c e  t h e  e i g e n  f u n c ­

t i o n s .  I n  o r d e r  t o  d o  t h a t ,  w e  w i l l  t a k e  a d v a n t a g e  f r o m  

t h e  s y s t e m ’ s  r e s o n a n c e ,  w h i c h  m e a n s  t h a t  f o r c i n g  o n e  

p o i n t  w i t h  i t s  n a t u r a l  f r e q u e n c i e s  ( e i g e n  v a l u e s )  w e  

o b t a i n  t h e  e i g e n  f u n c t i o n s .

T o  c l o s e  t h i s  s e c t i o n ,  i t  i s  i m p o r t a n t  t o  s a y  t h a t  t h e  

f o r c e d  p o i n t  h a s  t o  b e  v e r y  w e l l  c h o s e n .  I t  m u s t  n o t  b e  

a  s p o t  w h e r e  w e  e x p e c t  t o  f i n d  a  n o d e  b e c a u s e  i n  o t h e r  

c a s e  w e  w i l l  n o t  g e t  t h e  r e a l  s h a p e  o f  t h e  e i g e n  f u n c ­

t i o n ,  a n d  n e i t h e r  a  p o i n t  w h e r e  a  m a x i m u m  i s  

e x p e c t e d ,  b e c a u s e  d o i n g  t h i s  w e  a r e  f o r c i n g  t h i s  p a r t i c ­

u l a r  p o i n t  t o  h a v e  t h e  s a m e  m a x i m u m  f o r  a n y  t i m e ,  

a n d  a l s o  w e  w o u l d  b e  c h a n g i n g  t h e  s h a p e  o f  t h e  f r o n ­

t i e r .  D u e  t o  t h i s  t h e  f o r c e d  p o i n t  m u s t  b e l o n g  t o  t h e  

f r o n t i e r  o r  i t  m u s t  b e  a s  c l o s e  t o  i t  a s  p o s s i b l e .

C O M P A R I S O N  W I T H  A  S I M P L E  O N E  

D I M E N S I O N A L  C A S E  

F O R  T H E  K - G  E Q U A T I O N

F o r  t h i s  c a s e  w e  w i l l  w o r k  w i t h  n a t u r a l  u n i t s ,  s o  t h e  

K —  G  e q u a t i o n  i n  o n e  d i m e n s i o n  w i l l  b e :
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Fig. 1. Frequency spectrum for a particle enclosed in  a one dim ensional box.

2 d 2 W 2
V 2W -  —  -  m W = 0. (9)

dt2
In  th is case, th e  c o n s ta n t m 2 will be 105 an d  th e  p a r ti­
cle will be enclosed  in  th e  interval (0, 0.01). In  o th e r

w ords, we have a partic le  o f  л /Ю  M eV  enclosed  in  
one  d im en sio n a l box  o f  leng th  0.01 M eV -1.

In  o rd e r to  find  th e  eigen  values wn, we analyze th e  
p o in t x  =  0.005, w h ich  m eans th a t we are n o t going to  
de tec t th e  energies th a t be long  to  th e  even n o rm al 
states. T he sp ec tru m  given by  o u r a lgo rith m  is show n 
o n  F ig . 1.

In  o rd e r to  show  how  accu ra te  o u r  m e th o d  is, it is 
im p o rta n t to  o b ta in  th e  frequencies wn in  an  analy tical 
way. So th e  so lu tions for th e  E q. (8) are sin  an d  cos 
func tions an d  due o f  th e  D irich le t b o u n d ary  co n d itio n  
we have:

2wn -  a nn 
L ’c

(10)

w here L is th e  leng th  o f  th e  box, so th e  angu lar fre­
quencies wn are:

wn

I 7 ^ .  2 2 2л/a L  -i- n u c  
L (11)

Now, th e  follow ing tab le  show s som e o f  th e  freq u en ­
cies given by th e  fo rm ula  (11) an d  th e  frequencies 
given by o u r algorithm .

As we can  see in  th e  Table 1, th e  m e th o d  used  to  
find  th e  eigen values an d , in  co n seq u en ce , th e  energies 
available fo r th e  partic le  it is very accu ra te . T herefo re  
we are going to  use it in  th e  tw o d im ensiona l cases for 
a com plex  boundary .

D R U M S  W IT H  T H E  SA M E  SE T  
O F  E IG E N  V A LU ES

Insp ired  in  th e  w ork d one  by  G o rd o n  an d  W ebb in  
th e ir  p ap e r [3], we to o k  th e  sam e shapes w h ich  are 
show n o n  Fig. 2. I t  is very im p o rta n t to  say th a t in  th is 
case we are n o t using any  k ind  o f  un its , we are ju s t solv­
ing th e  Eq. (7), o r  th e  Eq. (8), w here c =  10, a  =  105, 
a =  0.025.

U sing  o u r a lgo rith m  we ca lcu la ted  th e  frequencies 
(energies) for a partic le  enclosed  in  each  region. T hese 
results are show n in  th e  Fig. 3, b u t due to  th e  d ifficulty  
to  co n c lu d e  if  th e  spectrum s are equal o r  n o t, in  th e  
Table 2 we show  th e  frequencies for th e  first 4 peaks.

F irst, is im p o rta n t to  say th a t in  th is  m o m en t we are 
n o t in te rested  in  th e  in tensities o f  th e  spectra , b u t in  
w h ich  frequencies th e  peaks are. S econd , to  n o te  th a t 
th e  tw o regions show n in  th e  Fig. 2 shares th e  sam e set

Table 1. Comparison between our algorithm and the ana­
lytical results

Quantum 
number n

Frequency 
(analytical), Hz

Software 
frequency, Hz

Error
percentage, %

1 70.94 71 0.084

3 158.21 158 0.131

5 255.01 255 0.009

7 353.6 354 0.113
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Fig. 2. B o u n d a r ie s  w i th  t h e  s a m e  s e t  o f  e ig e n  v a lu e s .

0
0 0.02 0.04 0.06 0.008 0.10

Fig. 4. F i r s t  b a s e  s ta te  f o r  t h e  s h a p e  1.

o f  eigen  values, due to  th e  fact th a t in  [3] G o rd o n  and  
W ebb proved th a t th is two shapes shares th e  sam e set of 
eigen values for th e  o p e ra to r —V 2. It is c lear th a t th e  
frequencies show n in  th e  Table 2 are actually  eigen val­
ues, because forcing  th e  system  w hit th is frequencies 
we o b ta in  th e  sam e well know  eigen  fu n c tio n s for th is  
d rum s, as can  be seen  in  th e  Figs. 4 —7 an d  in  th e  p ap er 
[7]. So in  th e  Fig. 3 an d  Table 2 we are co rro b o ra tin g  
th e ir  results fo r th e  K — G  eq u a tio n , w h ich  is very s im ­
ilar to  th e  wave eq u a tio n  once  th e  variables sep ara tio n  
is m ade , see Eq. (8).

T his m eans th a t is im possib le to  n o tice  th e  d iffer­
ence  b etw een  th e  two shapes ju s t by  know ing th e  set o f  
energies available for th e  p artic le . B ut as c an  be seen  in  
th e  Fig. 3, th e  in tensities in  th e  spectra  for each  shape 
are very different. T h is gives us a h in t th a t it is m aybe 
possible to  n o tice  th e  d ifference o f  th e  shapes n o t on ly  
by know ing  th e  set o f  e igen  values, b u t its in tensities. 
Now, it is c lear th a t th e  energies available for th e  p a r ­
ticle enclosed  in  th e  two shapes are equal, b u t going

back  to  the  classical d ru m  stud ied  by G o rd o n  an d  
W ebb, w hat does it m ean  to  h e a r  a d rum ? Well, it is n o t 
eno u g h  to  know  each  on e  o f  th e  fu n d am en ta l freq u en ­
cies com posing  th e  w hole osc illa tion . A lso you have to  
know  th e  in tensity  o f  each  frequency. M ath em atica lly  
speaking any  k ind  o f  o sc illa tion  can  be w ritten  as

ад
W(x, y, t) = ^ CiTiw, t ) Ri(x, y ) , (12)

i = 1

w here Ci are th e  in tensities; Ti(wi, t) are th e  fu n c tions 
responsib le  for the  o sc illa tion  w ith  frequencies wi, an d  
finally  Ri(x, y) are th e  eigen fu n c tio n  o f  th e  o p e ra to r 
—V 2. T hese  coeffic ien ts Ci m u st be equals fo r th e  two 
d rum s in  o rd e r to  m ake b o th  d rum s so u n d  alike. 
T herefo re  we are going to  co n cen tra te  ours efforts in  
find ing  Ci to  com pare  these coeffic ien ts in  the  two 
d rum s for a p a rticu la r o scilla tion . To achieve th is  goal 
we are going to  rep ro d u ce  th e  base states for th e  two 
d rum s in  o rd e r to  find  w here  they  have its m ax im um .

600 г 
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300 
200 
100 

0
0 200 400 600 800 1000

Frequency (l/t)300
250 
200 
150 
100 

50 
0

0 200 400 600 800 1000
Frequency (l/t)

Fig. 3. F r e q u e n c y  s p e c t r u m s  f o r  th e  s h a p e s  1 a n d  2 in  t h e  
F ig . 2 .

BA SE STATES F O R  T H E  Q U A N T U M  D R U M S

U sin g  the  resonance  o f  th e  system , we forced  it 
w ith  th e  first an d  second  resonance  frequencies for the  
two shapes, in  a  spo t n ea r the  frontier, ach iev ing  the  
base states in  b o th  cases as is show n in  th e  Figs. 4—7.

As we expected , th e  base states are th e  sam e as th e  
ones for th e  classical wave eq u a tio n , see [7], an d  th a t 
m o re  im p o rta n t for us now, we know  w here th e  m ax i­
m u m  for each  eigen fu n c tio n  is. B ut before we go o n

0
0 0.02 0.04 0.06 0.008 0.10

1.0
0.8
0.6
0.4
0.2

0
-0 .2
-0 .4

Fig. 5. S e c o n d  b a s e  s ta te  f o r  t h e  s h a p e  1.
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Fig. 6. F i r s t  b a s e  s ta te  f o r  t h e  s h a p e  2. Fig. 7. S e c o n d  b a s e  s ta te  f o r  t h e  s h a p e  2.

Fig. 8. F r e q u e n c y  s p e c t r u m  f o r  t h e  s h a p e  1, t a k e n  w h e r e  t h e  f i r s t  s ta t e  a c h ie v e s  i ts  m a x im u m  i n  t h e  K —G  e q u a t io n .

w ith  th e  d iscussion  it is very im p o rta n t to  say th a t we 
know  th a t th e  Figs. 4 an d  6 are th e  firsts base states 
because  it is well know n  th a t for th e  o p e ra to r  —V 2 for 
D irich le t b o u n d ary  c o n d itio n  an d  w ith  a sm o o th  fro n ­
tier, th e  first eigen  fu n c tio n  do  n o t change its sign o n  
th e  reg ion , th is c an  be seen  in  [17, 18].

S P E C T R U M  IN T E N S IT IE S

N o w  th a t we know  w here th e  m ax im um s are , we 
are going to  ca lcu la te  th e  F o u rie r tran sfo rm  in  th is 
p o in ts , tak ing  as th e  in itia l s ta te  o f  th e  system  th e  fu n c ­
tio n  f (x , y) =  1 in  o rd e r to  know  th e  coeffic ien ts C,, 
w h ich  finally  will te ll us if  th e  tw o d rum s sou n d  alike. 
I t  is im p o rta n t to  n o te  th a t th e  in itia l c o n d itio n  

f(x , y) =  1 is arbitrary. We can  cho ice  a  d ifferen t in itia l 
c o n d itio n , b u t th is  m ust b e  th e  sam e for b o th  shapes.

T h e  Figs. 8 an d  9 show  th e  spec trum s tak en  w here 
th e  m ax im u m  o f  th e  firsts e igen  states are for th e  
shapes 1 an d  2. As can  be seen , th e  in tensities o f  th e  
first peak , frequency  258 H z, are very sim ilar, w h ich  
m eans th a t th e  coeffic ien ts Cj, Eq. (12), are a lm ost 
equals in  b o th  q u a n tu m  drum s, an d  there fo re  we c a n ’t 
decide if  th ey  “ so u n d ” alike o r  n o t. B u t doing th e  sam e

p ro ced u re  for th e  seco n d  base sta te  we fou n d  a  very 
d ifferen t in tensities in  th e  seco n d  peak , 292 H z, 
Figs. 10 an d  11, w h ich  m eans th a t th e  b ehav io r o f  th e  
o sc illa tion  fo r b o th  d rum s is very different.

In sp ired  o n  these  results, we d id  an  analogous a n a l­
ysis for th e  wave eq u a tio n , in  th is case th e  velocity  o f  
p ro p ag a tio n  was 10 m /s , realiz ing  th a t fo r th e  seconds 
eigen  states, as in  th e  q u a n tu m  case, th e  peaks in  b o th  
spectra , peaks o f  244 H z, are very d ifferen t in  th e ir

Table 2. Comparison between the frequency spectra for the 
shapes 1 and 2

Shape 1 Shape 2

Frequencies for the peak 1, H z 258 258

Frequencies for the peak 2, H z 292 291

Frequencies for the peak 3, H z 331 331

Frequencies for the peak 4, H z 419 418
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Fig. 9. D requency spectrum  for the shape 2, taken where the first state achieves its maxim um  in the K — G  equation.

-
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Fig. 10. Frequency spectrum for the shape 1, taken where the second state achieves its maxim um  in the K— G  equation.

Fig. 11. Frequency spectrum for the shape 2, taken where the second state achieves its maxim um  in the K— G  equation.
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Fig. 12. F r e q u e n c y  s p e c t r u m  f o r  t h e  s h a p e  1, t a k e n  w h e r e  t h e  s e c o n d  s a te s  a c h ie v e s  i ts  m a x im u m  f o r  t h e  c la s s ic a l  w av e  e q u a t io n .
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Fig. 13. F r e q u e n c y  s p e c t r u m  f o r  t h e  s h a p e  2 , t a k e n  w h e r e  t h e  s e c o n d  s a te s  a c h ie v e s  i ts  m a x im u m  f o r  t h e  c la s s ic a l  w av e  e q u a t io n .
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in tensities, Figs. 12 an d  13, w h ich  m eans th a t th e re  is 
a big d ifference in  th e  coeffic ien ts C2, Eq. (12), fo r th e  
tw o drum s. As a co n seq u en ce , we can  d ifferen tia te  
b o th  d rum s by th e ir  so und , due to  th e  fact th a t th e  
sou n d  p ro d u ced  by th e  first d ru m  is going to  be 
sharper.

C O N C L U S IO N S

We stud ied  th e  b ehav io r o f  th e  K le in  G o rd o n  and  
classical wave eq u a tio n  an d  far from  solving a p ro b lem  
we fo u n d  a n o th e r  o ne , in  w h ich  tw o reg ions th a t were 
sharing  th e  sam e set o f  e igen values for th e  o p e ra to r 
—V 2 sou n d  different. T his m eans th a t b o th  d rum s can

be d istingu ished  by  th e  sou n d  th ey  p ro d u ce . T herefo re  
it le t us u n d e rs tan d  th a t th e  question : “ C an  one  h ea r 
th e  shape o f  a d ru m ? ” has n o t b een  answ ered.
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