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A b s t r a c t —The propagation of elastic waves in periodic stratified media with arbitrary local anisotropy and in 
anisotropic plates and bars inhomogeneous in thickness is considered under the condition that the ratio of the 
scale characterizing the inhomogeneity of the medium or the thickness of a plate or bar in thickness to the 
typical wavelength is small. The propagation of long waves is described using the effective averaged equations 
with high-order accuracy, which are derived by the method of two-scale asymptotic expansions in s. The 
results of analytic and numerical studies of their principal terms responsible for the dispersion of waves are 
presented. The form of the dependence of the wave velocity on the wavelength is studied for structures with 
different types of symmetry.
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I N T R O D U C T I O N

T h e  p r o c e s s e s  t h a t  o c c u r  i n  i n h o m o g e n e o u s  m e d i a  

w h e n  t h e  s c a l e  o f  i n h o m o g e n e i t y  i s  m u c h  s m a l l e r  t h a n  

t h e  g l o b a l  s c a l e  o f  t h e  p r o b l e m  a r e  s t u d i e d  u s i n g  m o d 

e l s  t h a t  a p p e a r  a s  a  r e s u l t  o f  a  c e r t a i n  a v e r a g i n g .  F o r  a  

m e d i u m  w i t h  a  p e r i o d i c  s t r u c t u r e ,  o n e  o f  t h e  m e t h o d s  

o f  o b t a i n i n g  e f f e c t i v e  a v e r a g e d  e q u a t i o n s  t h a t  r e q u i r e  

n o  p r e l i m i n a r y  h y p o t h e s e s  c o n c e r n i n g  p o s s i b l e  t y p e s  

o f  t h e  l o c a l  s t r e s s - s t r a i n e d  s t a t e  i s  t h e  m e t h o d  o f  t w o -  

s c a l e  a s y m p t o t i c  e x p a n s i o n s ,  w h i c h  w a s  d e v e l o p e d  i n  

t h e  m a t h e m a t i c a l  t h e o r y  o f  a v e r a g i n g  [ 1 ,  2 ] .  T h i s  a l g o 

r i t h m  a l l o w s  o n e  n o t  o n l y  t o  c o n s t r u c t  t h e  e q u a t i o n s  

f o r  t h e  p e r i o d  a v e r a g e  q u a n t i t i e s ,  b u t  a l s o  t o  d e t e r m i n e  

t h e  l o c a l  f i e l d s  t o  a  c e r t a i n  a p p r o x i m a t i o n .  I t  s h o u l d  b e  

n o t e d  t h a t  t h e  g l o b a l  p r o p e r t i e s  o f  a  m i c r o i n h o m o g e 

n e o u s  m e d i u m  m a y  q u a l i t a t i v e l y  d i f f e r  f r o m  t h e  p r o p 

e r t i e s  o f  i t s  c o n s t i t u e n t s  [ 3 ] .

T h e  p r e s e n t  p a p e r  i s  d e v o t e d  t o  d e r i v a t i o n  a n d  

i n v e s t i g a t i o n  o f  e q u a t i o n s  d e s c r i b i n g  t h e  p r o p a g a t i o n  

o f  e l a s t i c  w a v e s  i n  p e r i o d i c a l l y  s t r a t i f i e d — i n  p a r t i c u 

l a r ,  l a y e r e d — m e d i a  a n d  a l s o  i n  p l a t e s  a n d  b a r s  i n h o 

m o g e n e o u s  i n  t h i c k n e s s  u n d e r  t h e  c o n d i t i o n  t h a t  t h e  

r a t i o  s  o f  t h e  s c a l e  o f  i n h o m o g e n e i t y  o c c u r r i n g  i n  a  

m e d i u m  o r  a  p l a t e  o r  b a r  t o  t h e  t y p i c a l  w a v e l e n g t h  i s  

s m a l l :  s  < §  1.

T h e  t h e o r y  o f  f i n e - l a y e r e d  m e d i a  i s  i m p o r t a n t  f o r  

a c o u s t i c s  a n d  s e i s m o l o g y .  I t  h a s  b e e n  s t u d i e d  b y  m a n y  

a u t h o r s  [ 4 - 9 ] .  T h e  m a i n  p u r p o s e  o f  t h e s e  s t u d i e s  w a s  

t o  d e t e r m i n e  t h e  e f f e c t i v e  e l a s t i c  p r o p e r t i e s  o f  s u c h  

m e d i a .  P u b l i c a t i o n s  d e v o t e d  t o  m o d e l s  w i t h  d i s p e r s i o n  

[ 10,  11]  o n l y  c o n s i d e r e d  m e d i a  t h a t  c o n s i s t e d  o f  a  

r e p e a t e d  s e t  o f  t w o  h o m o g e n e o u s  i s o t r o p i c  l a y e r s .  T h e  

p r e s e n t  p a p e r  s t u d i e s  s t r a t i f i e d  ( n o t  n e c e s s a r i l y  l a y 

e r e d )  m e d i a  w i t h  a n  a r b i t r a r y  l o c a l  a n i s o t r o p y .  T h e  

m a i n  p u r p o s e  o f  t h i s  p a p e r  i s  d e r i v a t i o n  a n d  i n v e s t i g a 

t i o n  o f  e q u a t i o n s  w i t h  d i s p e r s i o n .  T h e  e q u a t i o n s  a r e  

d e r i v e d  u s i n g  t h e  m e t h o d  o f  t w o - s c a l e  a s y m p t o t i c  

e x p a n s i o n s .

I f ,  i n  t h e  m e t h o d  o f  t w o - s c a l e  a s y m p t o t i c  e x p a n 

s i o n s ,  t h e  d e r i v a t i o n  o f  t h e  e q u a t i o n s  i s  r e s t r i c t e d  t o  a  

z e r o  a p p r o x i m a t i o n  i n  s ,  t h e n ,  f o r  l i n e a r l y  e l a s t i c  

m e d i a ,  a f t e r  a v e r a g i n g ,  o n e  o b t a i n s  t h e  e q u a t i o n s  c o r 

r e s p o n d i n g  t o  o r d i n a r y  ( a n i s o t r o p i c  i n  t h e  g e n e r a l  

c a s e )  e l a s t i c  m e d i a  w i t h  s o m e  e f f e c t i v e  e l a s t i c  m o d u l i .  

T o  d e s c r i b e  t h e  d i s p e r s i o n  o f  w a v e s ,  i t  i s  n e c e s s a r y  t o  

t a k e  i n t o  a c c o u n t  t h e  t e r m s  o f  h i g h e r  o r d e r s  i n  s .  I n  

t h i s  c a s e ,  t h e  e q u a t i o n s  c o n t a i n  h i g h e r - o r d e r  d e r i v a 

t i v e s  o f  d i s p l a c e m e n t s  w i t h  r e s p e c t  t o  c o o r d i n a t e s  a n d  

t i m e  [ 1 ] .  A n o t h e r  e f f e c t  t h a t  r e q u i r e s  e q u a t i o n s  w i t h  

h i g h e r  a c c u r a c y  i n  s  i s  t h e  s o - c a l l e d  s c a l e  e f f e c t :  t h e  

e f f e c t i v e  p r o p e r t i e s  o f  a  m e d i u m  d e p e n d  o n  t h e  s i z e  o f  

t h e  i n h o m o g e n e i t i e s  e v e n  w h e n  t h i s  s i z e  i s  m u c h  

s m a l l e r  t h a n  t h e  s i z e  o f  t h e  b o d y .  E q u a t i o n s  w i t h  h i g h  

a c c u r a c y  i n  s  a r e  n e c e s s a r y  f o r  d e s c r i b i n g  t h e  p r o 

c e s s e s  i n  n a r r o w  z o n e s ,  e . g . ,  t h e  s t r u c t u r e  o f  a  s h o c k  

w a v e  [ 12] .

T h e  m o d e l s  o f  c o m p r e s s i b l e  l i q u i d s ,  t h e  e q u a t i o n s  

o f  w h i c h  c o n t a i n  h i g h e r - o r d e r  d e r i v a t i v e s  o f  v a r i o u s  

p a r a m e t e r s  o f  t h e  m e d i u m  w i t h  r e s p e c t  t o  t i m e  a n d  

c o o r d i n a t e s ,  w e r e  i n t r o d u c e d  p h e n o m e n o l o g i c a l l y ,  i n  

p a r t i c u l a r ,  i n  [ 1 3 ,  1 4 ] .  E q u a t i o n s  w i t h  h i g h e r - o r d e r  

d e r i v a t i v e s  a r e  a l s o  u s e d  i n  t h e  m o d e l s  o f  t h e  C o s s e r a t  

t h e o r y  o f  e l a s t i c i t y  [ 1 5 ,  1 6 ] .  A s  a  r u l e ,  t h e s e  e q u a t i o n s  

a r e  p o s t u l a t e d  o n  t h e  b a s i s  o f  p h e n o m e n o l o g i c a l  

h y p o t h e s e s .  T h e  m e t h o d  o f  t w o - s c a l e  a s y m p t o t i c  

e x p a n s i o n s  a l l o w s  o n e  t o  d e r i v e  t h e  e x p r e s s i o n s  f o r  t h e  

c o e f f i c i e n t s  o f  t h e s e  e q u a t i o n s  i n  e x p l i c i t  f o r m  w h e n
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the microstructure of the medium is known. After 
some modification, the method of two-scale asymp
totic expansions can be used to derive the averaged 
equations of plates and bars if  the wavelengths of the 
waves under study are much greater than the typical 
thickness of the plate or bar.

The present paper briefly describes the method 
used to derive the averaged equations and presents the 
results of analytic and numerical studies of their prin
cipal terms, which determine the dispersion of waves 
in various inhomogeneous media and structures. The 
main part of the paper is a brief review of the results 
obtained together with N .S . Bakhvalov that have been 
reported in a number of recent publications [17—23]. 
The numerical study o f the properties o f the derived 
equations was carried out with participation of 
K .Y u . Bogachev and A .E .  Yakubenko.

M E T H O D  O F  T W O - S C A L E  A S Y M P T O T I C  
E X P A N S I O N S  F O R  D E R I V A T I O N  

O F  A V E R A G E D  E Q U A T I O N S  
O F  M I C R O I N H O M O G E N E O U S  

E L A S T I C  M E D I A
Let us write the equations of the linear theory of 

elasticity in the form

L  u d2u 5
Pe t2  dxi

= 0.

Here, u is the displacement vector and A ij  are the 
matrices of elastic coefficients. It is assumed that they, 
as well as the density p, are periodic functions of coor
dinates with a period d. We consider the waves the typ
ical wavelength l of which is much greater than d, so
that s =  d 

l
<  1. Let us introduce slow Xj and fast yy-

dimensionless variables according to the formulas

Xy _-
s ’

independent of the fast variables. The substitution of 
series (1) in the initial equation yields

Lu ~  X  s ”  ̂  H  i2i3 (Уь  y 2 ’ Уз)
dmV

1 = 0 d tq d x/d x 22d x 33
where

да
(2)

Hlu  =
l 1 l 2 l 3

d_
d yi

d Nql1Uh
d yj  9

-  p  N ,-

BN4, R i s i s
+  A H  " - - Я ’ i 2 -  S i2> - 3 -  S i3

1  дУ]

+  d ^ i j ^ - S ^ - S ^ - s J  

dyi

(3)

+ AijNil - 8 Ц- j , I2  - 8,2 -  Sj2, I3 -  8,3 -  Sj3 ,

and 5j- are the Kronecker deltas. It is possible to deter
mine Н щ  so that, in Eq . (2), the coefficients multi
plying the negative powers of s are zero while the coef
ficients multiplying its nonnegative powers are identi
cal to certain constants:

Hu i (У1 , У2 , У3) = 0 for m = q + ^  + I2 + I3 < 2,
(4)

Щ у р ь  У2 , У3) = hqili2i3 = c °n s t for m > 2.

H ere,

Khh = <Hw ) .

T h e  an g u la r b rackets ( .)  d en o te  th e  p e rio d  average 
values. T h e  follow ing co n d itio n  is usually  set is usually  
set as a n  ad d itio n a l co n d itio n  necessary  fo r u n iq u e

d e te rm in a tio n  o f  N  i i :i1i2i3

< K , i )  = 0

where Xy are the dimensional coordinates. For the 
media under consideration, we have

P = p ( Уу) , Aij = Aij( Уу).
The displacement vector is assumed to be a func

tion of both fast and slow variables, u =  u(t, Xj, У, s), 
and is representable in the form of an asymptotic series 
expansion in powers of s. In [1], this series was shown 
to have the form

u ~ v + X  б Х У 3 (Уу)

dmV
d tqd x ld x ^  8 x 3

да
m

(1)

where m  =  q + i1 + i2 + i3; are periodic functions
of fast variables, these functions being determined by 
the structure of the medium; and v =  v(xb x 2, x 3, t) is

Then, v ~ < u) .
The averaged equation of an infinite order of accu

racy in s has the form

L  v
X

m- 2, q dmv
s i2i3 , , ,

m > 2 d tqdx 1 dx2  dx3

i i

m — q + ^ + i2 + I3 .

Equations (4) are the equations for determining . 
From the structure of formulas (3), it follows that, for 
determining Н щ , it is necessary to solve static prob
lems of the theory of elasticity within the periodicity 
cell with some special body forces and boundary con
ditions. In the case of a complicated cell structure, 
these problems can only be solved numerically. It is
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im p o rta n t th a t these  p rob lem s do n o t d ep en d  o n  th e  
g lobal in itia l an d  b o u n d ary  co n d itio n s. F o r a  given 
s tru c tu re , th ey  shou ld  be solved once , a fte r w h ich  th e  
coeffic ien ts o f  th e  averaged equa tions a re  calcu la ted . 
T h en , it is possib le  to  solve specific p rob lem s o n  th e  
b eh av io r o f  th e  m e d iu m  u n d e r  an y  given co n d itions.

L et us list som e o f  th e  p ro p erties  o f  th e  averaged 
equa tions fo r a rb itra ry  elastic perio d ic  m ed ia  [24].

(i) T h e  averaged equa tions c o n ta in  n o  odd  deriva
tives w ith  resp ec t to  tim e.

(ii) T h e  m atrices o f  th e  coeffic ien ts m ultip ly ing  th e  
even derivatives w ith  resp ec t to  co o rd in a tes  a re  sym 
m etric , w hereas th e  m atrices o f  th e  coeffic ien ts m u lti
ply ing th e  odd  derivatives are  an tisy m m etric :

(hi,i2 i3  >
T

( - 1 ) hq
l 1 l 2 l 3 '

(iii) I t is possib le to  o b ta in  d ifferen t asym pto tica lly  
equ ivalen t form s o f  h ig h e r-o rd e r equa tions by  using 
th e  equ a tio n s o f  low er ap p ro x im atio n . In  particu lar, it 
is possib le to  e lim in a te  th e  tim e  derivatives o f  o rders 
h ig h e r th a n  second . In  th is case, it is possib le  e ith e r to  
re ta in  th e  m ixed  derivatives w ith  resp ec t to  t an d  xi 
(equa tions in  th e  fo rm  A ) o r  to  o b ta in  equa tions c o n 
ta in in g  n o  m ixed  derivatives w ith  resp ec t to  t an d  xi 
( th e  fo rm  B ).

WAVES IN  S T R A T IF IE D  M E D IA  A N D  PLA TES

L et us co n sid e r a  stra tified  m e d iu m  [17—20] fo r 
w h ich

P = P ( y ) , Aij = Aij( y ) , y = x 1 /  6.

T h e  equa tions fo r th e  waves p ropaga ting  in  th e  d irec 
tio n  p e rp en d icu la r  to  th e  layers are  as follows: u =  u(t, 
Xi, y ), v =  v(t, Xj). L et us use th e  n o ta tio n

In  ad d itio n , we w rite  th e  e q u a tio n  in  th e  fo rm  A:

/-.2 yy /-.2 /-.3
ta -d  v - d v , 2 d vL  v = -  p —- + A  —  + 6h 1— —

d t d x  d t dx
„ ~4272 d v+ 6 h2
d t2 d x 2

= 0.

(6)

F o r th e  type  o f  layered m e d iu m  u n d e r  study, in  [18] we

d e te rm in ed  th e  fu n c tio n s Nqllt  in  explicit fo rm  an d

th e  fo rm ulas fo r th e  coeffic ien ts m ultip ly ing  th e  h ig h er 
derivatives in  Eqs. (5) an d  (6), w h ich  c o n ta in e d  th e  
in tegrals o f  ce rta in  fu n c tio n s o f  p an d  A over th e  
period . A nalysis o f  these  fo rm ulas suggests th e  fo llow 
ing conclusions.

(i) W h en  A is a  sca lar (e.g ., waves in  a  layered liq 

u id ), we have h 0 >  0, th e  case h0 =  0 tak ing  p lace  i f  an d  
on ly  i f  th e  in itia l density  is in d e p e n d e n t o f  co o rd in a te .

(ii) W h en  A(y) is a  d iagonal m atrix , w e have h 1 =  0.
*2

In  a d d itio n , h 2 =  0 i f  an d  on ly  i f  pA =  const. H en ce , 
w h en  pA =  const, th e  averaged (accu ra te  to  O(64)) 
e q u a tio n  does n o t c o n ta in  h ig h er derivatives. T h e re 
fore, th e  d ispersion  o f  waves is absent. I t c a n  be  show n 
[18] th a t, a t pA =  const, th e  d ispersion  is ab sen t fo r 
an y  ap p ro x im atio n  in  6. T his agrees w ith  th e  fac t th a t, 
as is know n fro m  acoustics o f  liqu ids, a t pA =  co n st, no  
re frac tio n  o f  waves occurs a t th e  layer boundaries.

2
(iii) W h en  A(y) is n o t necessarily  d iagonal b u t h 1 =  

0, th e  averaged e q u a tio n  (6) has th e  fo rm

ta - d 2v - d 2v 2 7 2  d 4vL v = -  p —  + A —  + 6  h 2 --------
d t2 d x 2 dt 2 dx2

= 0. (7)

2
I f  th e  co n d itio n  h1 =  0 is satisfied, it  c a n  be  show n th a t

x1 = x , hq0 0  = hq, A n = A, 2
h 2 > 0.

p = <p>, A = (A -1) -1.

T h en , we have

L v  -  -  p ^ b  + A —  + у
a t1 d x  уq + l = 3

2.d v 6q + l -  2 hq 5 !+V  -  0 .

dtqd x

да
I t c a n  be  show n  [1, 18] th a t h°n =  0 fo r n >  2. T herefo re , 
re jec ting  th e  te rm s th e  o rd e r in  6 o f  w h ich  is h ig h er 
th a n  second , we o b ta in

2 2 3r - d v - d v , 2 d vLv = -  p —  + A —  + 6 ^ - ——
d t dx dt dx

4
4 d v

+ 6 I h 0—  + h 2 2"
d f

d4v  ̂
.27 = 0.

d t  dx

(5)

2 72W h en  h1 =  0 (and , th ere fo re , h2 > 0), fo r long  h a r 
m o n ic  waves th a t p ro p ag a te  in  th e  layered m ed iu m  
across th e  layers an d  are  described  by  th e  eq u a tio n  
LAv =  0, th e  velocity  does n o t increase  w ith  frequency. 
In d eed , in  search ing  fo r th e  so lu tio n  to  E q. (7) in  th e

fo rm  of a  traveling h a rm o n ic  wave v =  e e, we 
arrive a t th e  eigenvalue p rob lem ,

(p ю2E -  k2A + 62®2k2h2)e = 0 

or (pc 2 E -  A + p 2 h2)e = 0,

w here  p  =  6Ю an d  c =  - - is th e  p h ase  velocity  o f  waves. 
k

7 2
H en ce , i f  h2 >  0, we have c =  c(p); i.e ., a  d ispersion  o f  
waves takes p lace  an d  c(p) decreases w ith  in c reasin g p .
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T h e  c o n d itio n  h 1  =  0 is n o t to o  restrictive. In  p a r 
ticular, it  is satisfied in  th e  follow ing cases;

( i )  a co u stic  waves in  layered  liq u id s ; in  th is  case, 
v is a  scalar;

(ii) waves in  lo ca lly  o rth o tro p ic  layered  m ed ia  
w ith  a  sy m m etry  p la n e  p a ra lle l to  th e  layers; in  p a r 
ticu lar, in  lo ca lly  iso tro p ic  m ed ia  ( th e  m a trix  A is 
d iag o n a l); an d

(iii) waves in  m ed ia  w ith  a n  a rb itra ry  lo ca l an iso t
ropy  u n d e r  th e  c o n d itio n  th a t p(y) an d  A(y) a re  even 
fu n c tio n s o fy ; in  particu lar, su ch  m ed ia  a re  tho se  c o n 
sisting o f  th e  set o f  two rep ea ted  ho m o g en eo u s layers 
w ith  a n  arb itra ry  an iso tro p y  o f  th e  layers.

Now, le t us co n sid e r th e  waves p ropag a tin g  in  an  
a rb itra ry  d irec tio n  [19]. L et these  be  p lan e  waves p ro p 
agating  in  th e  d irec tio n  0 1, 0 2, 0 3:

3
v = v( t, x) , x = 0jXj , £  0 2 = 1.

i = 1

T h en , we red u ce  th e  averaged e q u a tio n  accu ra te  to  s 4 

in  th e  fo rm  B

2

52V m -  2j д  V
-  < P ) _ _ 2 + £  s  hV2i3 — — l— -

д  t 2 2 t m ; 4 д  x\ d  x 22d x 33
= 0

to  th e  fo rm

2 2 3 4/ \ д  v тт д v ттд w , 2 jj д v л-  <p) —2 + H 2 —  + sH 3 — -  + s H 4 —  = 0,
д t дx дx дx

(8)

w here

H i(0 i , 0 2, 0 3) =  £  hhh h 0 1 0 220 33 .

1l + 1 -) + lо — 1

N o te  th a t ,  i f  p = 0, Ay = 0 V i, j  in  th e  in te rv a l 
a <  y 1  <  1 (w here 0  <  a <  1 ) an d  0 1 =  0 , th e  averaged 
equa tions describe th e  wave p ro p ag a tio n  along  a n  in fi
n ite  th in  p la te  0  <  x1 <  as u n d e r  th e  co n d itio n  th a t th e  
p la te  surfaces a re  free fro m  an y  load . T h e  h ig h e r-o rd e r 
equa tions fo r p la tes w ith  allow ance fo r a  surface load  
w ere o b ta in ed  in  [2 1 ].

I t  was show n th a t th e  coeffic ien ts o f  Eq. ( 8 ) have 
th e  follow ing p roperties.

(i) T h e  m atrices H 2 an d  H 4 a re  sym m etric , w hereas 
H3 a re  an tisy m m etric  V 0 j.

(ii) F o r a n  u n b o u n d e d  m ed iu m , H 2 >  0 V 0y-, and , 
fo r p la tes, H 2 > 0.

(iii)  H 3 =  0  V 0j in  a n  u n b o u n d e d  m e d iu m  i f  p (y 1) 
a n d  Aij(y1) a re  even  w ith  re sp e c t to  th e  p la n e  y1 =
0.5 . F o r  p la te s , H 3 (0 , 02, 0 3) =  0 u n d e r  th e  c o n d it io n  
o f  evenness w ith  re sp e c t to  th e  m e d ia n  p la n e . In  
p a r tic u la r , th e  evenness c o n d it io n  is sa tisfied  fo r  
h o m o g e n e o u s  p la te s  w ith  a rb itra ry  a n iso tro p y  a n d

fo r m e d ia  c o n s is tin g  o f  a  re p e a te d  se t o f  tw o a rb i
tra ry  layers.

д Ч
(iv) T h e  te rm  H 3 — - is usually  p re sen t in  th e  equa-

д x
tions if  th e  evenness co n d itio n  fails. F o r exam ple, H 3 Ф 
0  in  th e  genera l case o f  waves p ropaga ting  along  th e  
layers in  th ree -lay er m ed ia  o r  in  tw o-layer p lates.

L et us co n sid e r th e  so lu tio n  to  Eq. (8 ) in  th e  fo rm  
o f  h a rm o n ic  waves

w( t, x ) = / kx -  ш 0  e.

We o b ta in  th e  equality

( -  c2(p)< p )E + H2  + ipH - p 2 H4 ) e = 0. (9)

H ere , c(p) =  is th e  wave p ro p ag a tio n  velocity  an d
к

p  =  sk . F o r a ll th e  rea l values o f  p ,  th e  m a tr ix  H 2 +  
ipH3  — p 2H 4 is H erm itian  an d , h en ce , its eigenvalues 
< p) c2(p) are  real.

L et p m an d  em be  th e  eigenvalues an d  th e  c o rre 
spond ing  eigenvectors o f  th e  m atrix  H2. F o r sim ple 
eigenvalues p m, th e  follow ing re la tions a re  valid  [2 0 ]:

<P) cm(p) = Em + gm/ + O(p  ) ,

V - 1 2 ( 1 0 )
gm = -  (H 4em, em) + /  (H 3 em, el) .

“  Em -  Ell Ф m
T h e  b eh av io r o f  th e  wave velocity  w ith  varying wave 
frequency  depends o n  th e  sign o fgm Ф 0. F ro m  Eq. (10) 
it follow s th a t th e  d ispersion  o f  waves is equally  d e te r
m in ed  by  th e  term s w ith  th e  th ird  an d  fo u rth  deriva
tives o f  th e  d isp lacem ents w ith  resp ec t to  coo rd ina tes.

N U M E R IC A L  S T U D Y  O F  A V E R A G E D  
E Q U A T IO N S  F O R  S T R A T IF IE D  M E D IA  

A N D  PLA TES

To ca lcu la te  th e  coeffic ien ts o f  th e  averaged eq u a 
tions fo r u n b o u n d e d  m ed ia  an d  p la tes consisting  o f  
ho m o g en eo u s an d , in  th e  gen era l case, an iso trop ic  
layers, a  p ro g ram  was designed th a t, fo r th e  p rese t 01 , 
02 , 03 , ca lcu la ted  th e  m atrices Hk an d  th e n  th e  q u a n ti
ties E m an d  gm. T h e  follow ing structu res w ere co n sid 
ered  [2 0 ]:

(A) iso trop ic  layers;
(B) layers w ith  cubic sym m etry;
(C ) o rth o tro p ic  layers; an d
(D ) layers w ith  a rb itra ry  anisotropy.
In  th e  cases (B) an d  (C ), th e  d irec tions o f  th e  sym 

m etry  axes w ere arbitrary. T h e  coeffic ien ts o f  th e  eq u a 
tions co rresp o n d in g  to  each  o f  th e  m ed ia  w ere ch o sen  
a t ran d o m , an d , in  each  o f  th e  cases (A), (B ), an d  (C ), 
no  less th a n  50000 tests an d , in  th e  case (D ), no  less
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th a n  100000 tests w ere p erfo rm ed . M ed ia  an d  plates 
w ith  n u m b ers  o f  layers up  to  11 w ere considered .

T h e  ca lcu la tions show ed th a t th e  ap p ea ran ce  o f  th e  
te rm  o n  th e  o rd e r o f  s  (w ith  n o n ze ro  skew -sym m etric  
m a trix  H3) is typ ica l o f  th e  cases in  w h ich  th e  evenness 
c o n d itio n  fo r p(y) an d  A j(y) fails. In  th e  equa tions fo r 
th e  wave p ro p ag a tio n  along  th e  layers (0 2 =  1) in  a 
th ree-layer m ed ium , in  th e  general case we have H 3 Ф 0. 
In  particu lar, H 3 Ф 0 fo r a  locally  iso trop ic  th ree -lay er 
m e d iu m  if  th e  values o f  th e  density  p an d  th e  L am e 
coeffic ien ts X are  th e  sam e fo r all th e  layers w hile  th e  
values o f  p  are d ifferent.

T h e  system  o f  equa tions describ ing  th e  wave p ro p 
agation  in  th e  d irec tion  orthogonal to  th e  layers (0 X =  1) 
in  a n  a rb itra ry  locally  iso trop ic  stra tified  m e d iu m  falls 
in to  a  system  o f  sca lar equations. T h en , H 3 =  0. H o w 
ever, i f  an iso trop ic  layers a re  p resen t, in  th e  g enera l 
case  w e have H 3 Ф 0. In  p a rticu la r, H 3 Ф 0 fo r  a  th re e -  
lay er m e d iu m  i f  its tw o layers a re  iso tro p ic  w h ile  th e  
th ird  lay er co n sis ts  o f  a  m a te r ia l w ith  cu b ic  sy m m e 
try  a n d  n o n e  o f  its sy m m etry  axes co in c id e s  w ith  th e  
xx axis.

In  th e  g enera l case o f  a  p la te  consisting  o f  two 
h o m o g en eo u s layers (w hen  th e  waves p ro p ag a te  along 
th e  layers), we have H3 Ф 0.

I t is o f  in te re s t to  co n sid e r th e  b ehav io r o f  th e  
velocities o f  h a rm o n ic  waves w ith  varying wave fre 
quency. T h e  ca lcu la tio n s fo r b o th  m ed ia  an d  plates 
consisting  o f  a  perio d ic  set o f  ho m o g en eo u s layers 
show ed th a t, fo r d ifferen t s truc tu res, th e  follow ing 
types o f  velocity  v a ria tio n  w ith  increasing  frequency  
a re  possible:

(i) all th e  th ree  velocities decrease;
(ii) two velocities decrease an d  o n e  increases;
(iii) o n e  velocity  decreases an d  two increase;
(iv) all th e  th ree  velocities increase ; an d
(v) o n e  velocity  decreases, o n e  increases, an d  o n e  is 

in d e p e n d e n t o f  frequency.
F o r  waves p ropaga ting  o rth o g o n ally  to  th e  layers, it 

was analy tica lly  show n [18] th a t H 3(1, 0, 0) =  0 an d  
H 4(1, 0, 0) > 0 if  th e  m atrix  An is d iagonal o r  th e  
m e d iu m  is a  tw o-layer one. T h en , th e  velocities o f  h a r 
m o n ic  waves d e te rm in ed  fro m  E q . (9) do n o t increase  
w ith  increasing  frequency. A  n u m erica l study  o f  m o re  
th a n  50 000 varian ts w ith  n u m b ers  o f  layers u p  to  
11 show ed th a t, fo r waves p ropag a tin g  o rthogonally  to  
th e  layers in  a rb itra ry  m ultilayer m ed ia , th e  first o f  th e  
listed  types (type 1) is always rea lized  (a  negative d is
p ersion ).

F o r  waves p ropag a tin g  a long  th e  layers, th e  fo llow 
ing results w ere o b ta in ed  [20].

(i) In  m ultilayer locally isotropic m ed ia  (structure A), 
varian ts 1  an d  2  w ere realized , an d , in  th e  p resen ce  o f  
an iso tro p ic  layers (struc tu res B, C , an d  D ), varian ts 1, 
2, an d  3 to o k  p lace. T hus, in  layered m ed ia , a t least 
o n e  o f  th e  waves always exhibits a  negative dispersion.

(ii) In  o n e-lay e r iso trop ic  p la tes (s tru c tu re  A ), vari
a n t 5 was rea lized , an d  in  an iso trop ic  p lates, v a rian t 2 
o r  v a rian t 3 occu rred .

(iii) In  m u ltilay e r lo ca lly  iso tro p ic  p la te s  (s tru c 
tu re  A ), v a rian t 2 was realized ; in  th e  p resen ce  o f  
an iso trop ic  layers, varian ts 2 a n d  3 to o k  p lace; an d  in  
th e  cases C  an d  D , v a rian t 4 was realized  w ith  a  sta tis
tica l frequency  o f  0.2%  (all th ree  waves h a d  a  positive 
d ispersion).

Now, le t us co n sid e r th e  charac teris tic  features o f  
wave p ro p ag a tio n  in  p lates. In  a n  iso trop ic  one-layer 
p la te , oscilla tions in  th e  d irec tions xx, x2, an d  x 3 o ccu r 
independently , w hereas, in  a  tw o-layer p la te , osc illa 
tions in  th e  d irec tions across th e  p la te  an d  a long  th e  
wave p ro p ag a tio n  d irec tio n  a re  co u p led  by  th e  term s 
o n  th e  o rd e r o f  s. In  th e  absence  o f  loca l iso tropy  
(structu res B, C , an d  D ) in  a  one-lay er p la te , oscilla
tions in  th e  d irec tions x 2 an d  x 3 are  co u p led  in  th e  
p rin c ip le  term s; fo r a  tw o-layer p la te , a n  ad d itio n a l 
coup ling  o n  th e  o rd e r o f  s occurs betw een  oscillations 
in  all th e  d irec tions.

WAVES IN  BARS

L et us co n sid e r th e  wave p ro p ag a tio n  in  a  b a r  th a t 
is inhom o g en eo u s in  th ickness an d  an iso trop ic . T h e  
typ ica l th ickness o f  th e  b a r  is assum ed  to  be  m u c h  
sm aller th a n  th e  w avelength  [22, 23]. L et th e  xx axis be 
d irec ted  along  th e  axis o f  th e  bar. We in tro d u c e  th e  
n o ta tio n

a (1 )  .

< у2 + у2)

T h e  asym pto tic  expansion  o f  th e  so lu tio n  has th e  fo rm  
[25]

I  s

q, n = 0

q + n
N  (У2 , Уз )

5'
q + n

dtq d x\

w here  v =  v(t, x x) is a  fo u r-d im en sio n a l c o lu m n  v ec to r 
th e  e lem ents o f  w h ich  a re  func tions w ith  a  c h a ra c te r

istic scale o f  varia tio n  m u c h  g rea te r th a n  s; Nn (y2, y 3) 

a re  3 x 4 m atrices: Nn =  0 w h en  n <  0 o r  q <  0, an d

(

N  = Ф =

\
1 0  0 0 

0 1 0  - a y 3 

V 0 0 1 ay2 )

да
u

T h e  fo u r co m p o n en ts  o f  th e  v ec to r v have th e  m e a n 
ings o f  d isp lacem en t a long  th e  b a r (long itud ina l 
waves), d isp lacem ents in  two d irec tions p e rp en d icu la r 
to  th e  b a r axis (transverse o r  flexural waves), an d  th e  
ro ta tio n  angle  o f  th e  b a r  cross sec tio n  (to rsiona l 
waves), respectively. T h e  m atrix  Ф de te rm ines the  
ro ta tio n  o f  th e  b a r  as a  so lid  body.
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We denote x x by x. The averaged equation with an 
infinite order of accuracy in s for a bar the surface of 
which is free from loads has the form

Lv -  £  s q +n
2 < q + n dtq d x 1

-  0. (11)

In this case, N qn =  0 and h qn =  0 for odd values of q. 
This averaged equation differs from the equations 
obtained for a layered medium and a plate in that the 
solution v has the fourth component, which character
izes the torsion of the bar. Higher-order equations for 
long wave propagation in homogeneous isotropic bars 
were proposed by different authors (see the review 
[26]). In the present paper, the equations for inhomo
geneous anisotropic bars are derived and studied.

The derivation of the averaged equation is similar 
to the derivation of the equations for stratified media 
and plates but with allowance for the additional degree 
of freedom of the bar. In the case of discontinuous 
coefficients of the initial equation, instead of satisfying
the differential equations for N qn, it is necessary to sat
isfy the corresponding integral identities. The aver
aged equations with allowance for a surface load were 
derived in [23].

In Eq . (11),

<p> 0 0
\

0

h 2 —
0 <p> 0 -  <p У3>
0 0 <p> <p Щ)

V 0 - <pУ3> <pУ2> <p(y2 + y 2) > /

2Now, for the matrix h0, we use the notation p . If  the 
origin of coordinates is at the center of gravity of the 
bar cross section (this is assumed in what follows), the 
matrix p is diagonal.

Le t us consider the averaged equation accurate to 
s3 by representing it in the form B:

2 2
tb -5  v тт d v 
L  v = -  P — 2 + H 2— ■

d t dx

, „  d 3v 2 „  d4v _ n+ s H 3 — 3 + s H 4 — 4 — 0 .
dx dx

(12)

Let us list the properties of averaged equation (12).
(i) The matrices H 2 and H 4 are symmetric, and the 

matrix H 3 is antisymmetric.
(ii) The matrix H 2 has a double zero eigenvalue: 

—2 =  —3 =  0. Its other two eigenvalues, —x and —4, are 
positive.

(iii) The equalities (H 3)23 =  (H 3)32 =  0 are satisfied.
(iv) H 3 =  0 for a homogeneous isotropic bar; for 

inhomogeneous bars, H 3 Ф 0.

(v) In the case of a locally isotropic medium, the 
element (H 2)44 responsible for the velocity of torsional 
wave propagation does not depend on the value of the 
Lame coefficient X.

When studying the type of dispersion, we consider 
the solutions in the form of a traveling harmonic wave
v(t, x) =  e (kx- at) e. Substituting this expression in the 
equation, we obtain

( -  c2(.P)P + H 2 + i p H  - p 2H 4)e — 0,
c (p ) — ю/k , p  — k s .

Multiplying this equation by p and introducing e'
according to the formula e =  p e ', we arrive at the 
eigenvalue problem

(H 2 + i p H  - p 2^ 4)e' — c2(p )e' (13)

with H k =  p 1/2H kp 1/2. Let —k (k =  1, . .. ,  4) be the
eigenvalues of the matrix H 2 and ek be the corre
sponding eigenvectors forming an orthonormal sys
tem. If  —k is a simple eigenvalue of the matrix H 2 , the
corresponding eigenvalue c2k (p) of problem (13) has 
the form

ck (p ) — h k + gij>2+ O ( p4 ),

gk — -  ( H4 ek, ek) + У  - - -- -  (H 3 ek, el f .
“ h k -  - ll * k

From  properties 2  and 3  of the coefficients of the aver
aged equation, it follows that, if e2  and e3  are the eigen
vectors corresponding to the eigenvalue - 2  =  - 3  =  0,
we have (H 3 e3 , e2 ) =  0. Then, for the corresponding 
values of c2 (p ), we have c2 (p ) =  —k + g p  + O(p 3 ), 
where the values of gk are calculated from certain more 
complicated formulas, as compared to those for sim
ple eigenvalues.

N U M E R I C A L  S T U D Y  O F  A V E R A G E D
E Q U A T I O N S  O F  W A V E P R O P A G A T IO N  

I N  B AR S
A  program was designed, and the properties of the 

coefficients of the averaged equation and the fre
quency dependences of wave velocities were studied 
for bars with a rectangular cross section |y2 | , |y3 | < 
1/2; the bars were assumed to be homogeneous in 
length and consisting of two or four parts with different 
random values of density and elastic coefficients and 
with different anisotropies [22]. Different symmetry 
variants were considered for the constituent materials 
of the bars; the variants were the same as those consid
ered above for waves in layered media and plates. The 
calculations were performed for several tens of differ
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e n t varian ts. T h e  m atrices Hk an d  th e  values o f  p k an d  
gk w ere calcu la ted .

T h e  results o f  these  ca lcu la tio n s show ed th a t, in  th e  
case o f  waves p ropaga ting  a long  th e  bar, th e  a p p e a r
a n ce  o f  th e  te rm  o n  th e  o rd e r o f  s (w ith  th e  n o n zero  
skew -sym m etric  m a trix  H 3) was typical. F o r all th e  
s truc tu res stud ied , th e  values o fg 2 an d  g3  w ere positive, 
g2  >  0 an d  g3 > 0, as in  th e  case  o f  a  h o m o g en eo u s  iso 
tro p ic  bar; i.e ., flexu ra l waves always ex h ib ited  a  p o s 
itive d ispersion . In  ap p ro x im a te ly  h a l f  o f  th e  cases, 
g4 < 0, an d , in  h a lf  o f  th e  cases, g4 > 0; i.e ., to rsiona l 
waves co u ld  exh ib it a  positive o r  negative d ispersion , 
d epend ing  o n  th e  s tru c tu re  o f  th e  bar. I t  was fo u n d  th a t 
g1  >  0 in  app rox im ate ly  on e  o u t o f  te n  cases; lo n g itu d i
n a l waves, as a  ru le , h a d  a  negative d ispersion . N o  
cases w ith  g1 > 0 an d  g4 < 0 w ere observed.

As th e  sim plest exam ple o f  cases w ith  all gk >  0, a 
case was fo u n d  w here  th e  b a r  co nsisted  o f  two halves 
an d  th e  m a te ria l o f  th e  halves h a d  a  cubic  sym m etry; 
also, a n  exam ple m ay be  th e  case o f  a  b a r  consisting  o f  
fo u r c o m p o n e n t bars, th ree  o f  th e m  being  m ad e  from  
th e  sam e iso trop ic  m a te ria l an d  th e  fo u rth  being  also 
m ad e  from  a n  iso trop ic  m a te ria l b u t w ith  o th e r  values 
o f  elastic m oduli.
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