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A b s t r a c t —Oscillatory processes in media with microstructure under the action of concentrated impulse and 
time-periodic perturbations are analyzed within the Cosserat elasticity theory. According to the results of 
computations, such media are characterized by a resonance frequency equal to the frequency of natural oscil­
lations of particle rotational motion. This frequency is a phenomenological parameter of a material. It was 
established that the oscillatory rotation of particles changes for monotone rotational motion with increasing 
intensity of shear strains.
D O I :  10.1134/S1063771010060199

I N T R O D U C T I O N
The mathematical model of the Cosserat contin­

uum [1—3], which takes into account rotational 
degrees of freedom of microstructure particles of a 
material, is used to describe the stressed-strained state 
of composite, granular, powder, microfractured, and 
micropolar media. Current studies on simulation of 
nanoscale structures show that this model results from 
a limit transition in discrete molecular-dynamic mod­
els with an unbounded increase in a number of parti­
cles [4—6]. Therefore, in the near future the model will 
find wide application.

A  fundamental difference between the Cosserat 
medium model and the models of classical elasticity 
theory is that the former includes two simultaneous 
mechanisms of perturbation transmission. Along with 
traditional longitudinal and transverse waves caused by 
translational motion, there exist specific waves occur­
ring due to transmission of rotational motion in a con­
tinuum of particles (grains, blocks, or clusters) con­
nected with one another by compliant elastic bonds. 
Rotational motion of particles explains, for instance, 
some qualitative features of propagation of surface [7 
and 8 ] and nonlinear [9] waves in the Cosserat 
medium.

Analysis of the model equations shows [10] that 
such a medium is characterized by eigenfrequency of 
rotational motion determined only by elasticity of a 
material and inertial properties of microstructure par­
ticles and independent of dimensions of a sample 
under study and boundary conditions on its surface. 
Therefore, using the methods of acoustic tomography 
[ 1 1  and 1 2 ], reliable techniques for determination of 
the phenomenological parameters of a model can be 
developed. The same principle can apparently be used

to develop effective methods of resonance probing 
materials with micro- and nanostructure. This study is 
aimed at simulation of resonance methods of pertur­
bation of the Cosserat media that cause the acoustic 
resonance at the eigenfrequency of particle rotational 
motion.

A N A L Y S IS  O F  L I N E A R  T H E O R Y  E Q U A T I O N S
Translational motion of particles in the Cosserat 

elastic medium is characterized by velocity vector v  
and independent rotations are described by angular 
velocity vector ю. Along with asymmetric stress tensor a, 
an asymmetric couple stress tensor m  is introduced. 
The complete system of equations comprises the 
equations of motion, kinematic relations, and gener­
alized law of the linear elasticity theory:

p v  = V  - a + f ,  j  ю = V  - m -  2 a a + g ,

Л  = V  v  + ю, M  = V ю ,  ( 1 )
a = L(5  : Л)5 + 2 цЛ ' + 2 а Л “,

m = p(5 : M )  5 + 2 y M  + 2  sM°.
Here, p is the density of a medium; j  is the moment of 
inertia of particles in a unit volume; f  and g  are the vec­
tors of body forces and moments, respectively; Л  and 
M  are the strain and curvature tensors; 5 is the metric 
tensor; and L , q, a , p, y, and s are the phenomenolog­
ical elasticity coefficients for an isotropic material. 
The conventional notation and operations of the ten­
sor analysis are used: a colon denotes double convolu­
tion; a dot over a symbol, a time derivative; and an 
asterisk, tensor transposition. Superscripts s and a
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denote the symmetric and asymmetric components of 
the tensors:

Л  _  Л  + Л *  л а  = Л .-А *
_ 2  , _ 2  '

Where needed, the asymmetric component is identi­
fied with the corresponding vector. In particular, the 
vector of tensor 0 a appears in the equations of motion. 

The linear scale of the microstructure of a material
is estimated using the formula r  =  J 5 j/ (2 p) based on 
the model representation of a medium as close pack­
ing of an ensemble of spherical particles equal in 
radius.

In the componentwise form, system (1) written in 
velocities and stresses relative to the Cartesian coordi­
nate system is

p v i  _  0 1i, 1 + 0 2i, 2 + 0 3i, 3 + f i >

m  _ m 1i, 1 + m2i, 2 + m3i, 3 + V kl -  V lk + gi, 

a 1 0 ii + a2(0 kk + 0 ll) _ v i, i,
b 1 m ii + b2 ( mkk + m „)  _ r n lt t,

a 30 ik + a40 ki _ v k, i -  ®l, 

b3m ik + b4mki _ ®k, i, 

a4 0 ik + a3 0 ki _ v i, k + ®l,

(2)

t h e  s t r e s s  a n d  c o u p l e - s t r e s s  t e n s o r s :

U  _  ( V b V2,  V3,  С ц , ^ 22,  ^ 33,  0 23,  0 32,  0 31,  0 13,  0 12 ,

0 21 ,  ® 1 ,  ® 2,  ® 3,  m n , m 22, m 33, m 23,  m 32,  m 31,  m n ,  m 12, m 21> .

M a t r i x  c o e f f i c i e n t s  A, B 1 ,  B 2 , a n d  B3 a r e  s y m m e t r i c ,  Q 
i s  a s y m m e t r i c ,  a n d  G i s  t h e  s p e c i f i e d  v e c t o r .  M a t r i x  A  
i s  p o s i t i v e  d e f i n i t e  u n d e r  t h e  c o n d i t i o n s

3 X  +  2 p ,  p ,  a >  0 ,  3 p  +  2 y ,  y ,  s >  0 ,

t h a t  e n s u r e  p o s i t i v e  p o t e n t i a l  e n e r g y  o f  t h e  e l a s t i c  

s t r a i n .  I n  t h i s  c a s e ,  s y s t e m  ( 3 )  i s  h y p e r b o l i c  i n  t h e  

s e n s e  o f  F r i e d r i c h s .  F o r  h y p e r b o l i c  s y s t e m s ,  t h e  

C a u c h y  p r o b l e m  a n d  t h e  b o u n d a r y  p r o b l e m s  w i t h  t h e  

d i s s i p a t i v e  b o u n d a r y  c o n d i t i o n s  a r e  c o r r e c t  [ 1 5  a n d  

1 6 ] .  T h e  c h a r a c t e r i s t i c  p r o p e r t i e s  o f  s y s t e m  ( 3 )  a r e  

d e s c r i b e d  b y  t h e  e q u a t i o n

d e t ( cA +  n 1B l +  n 2B  +  n 3B 3 )  _  0 ,

2 2 2  
n 1 +  n 2 +  n 3 _  1 ,

t h e  p o s i t i v e  r o o t s  o f w h i c h  a r e  v e l o c i t i e s  o f  t h e  l o n g i t u ­

d i n a l  w a v e s  (cp), t r a n s v e r s e  w a v e s  (cs), t o r s i o n a l  w a v e s  

( cm) ,  a n d  r o t a t i o n a l  w a v e s  ( cffl) :

c ' X  +  2 p  c p + a 
p

cm

P + 2Y, ^  _ J y + s
(4)

b4m ik + b3mki _  ° i, k.

This form of the system is used for numerical imple­
mentation of the model. Here, the subscripts after a 
comma denote partial derivatives of space variables. 
Fo r brevity, the following notations are used:

i,  k ,  l _  1 ,  2 ,  3, i Ф  k  Ф  l ,

k  _  i + 1 mod 3, l _  k  + 1 mod 3,

In the one-dimensional case, when the sought 
functions depend only on time and one of the space 
variables system (2 ) divides into four independent 
subsystems describing the plane longitudinal waves,

p v! _ 0 П; 1, 0 n _ (X + 2 p ) v 1,1, (5 )
0 22 _ 0 33 _ X v 1, 1,

the torsional waves,

a 1
X + p--------- - — ; a,p( 3X + 2 p)

X . 
2p( 3 X + 2 p ) ’

p + a  a  -  pa3 _ -  ; a4 _  ^ ;4pa 4pa

/<01 _ mn; 1 + 0 23 — 0 32, 0 32 _ —0 23 _ 2 a 0 1, (6)
rn11 _  (P + 2 у)ю1; 1 , and m 22 _  m 33 _ рю1; 1 ,

and the transverse (shear) waves with rotation of parti­
cles,

b1 P + Y ; b 
Y( 3p + 2  Y)

P  ■

2 Y( 3 P + 2y ) ’

b3 Y + - ;
4ys  ’ b4 s - y  

4 ys

System (2) can be written in the matrix form [13 
and 14]:

A U  _ B 1 U 1 + B 2 U 2 + B 3 U 3 + QU+ G, (3)
where U  is the vector function comprising the compo­
nents of the velocity and angular velocity vectors and

p v 2 _ 0 1 2 , 012, 1  _ (p + a) V2,1 -  2 a®3 ,

021  _ (p -  a ) v 2,1 + 2 a®3 ,
j (°3 _ m13,1 + 0 12 — 0 21,

m 13 _  (y  + s)°3 ; 1 , Щ 1 _  (Y -  s)°3 ; 1 .
One more subsystem describing the transverse waves is 
obtained from (7) by changing the indices.

The general solution of subsystem (5) is expressed 
by d’Alembert’s formula, according to which the lon­
gitudinal waves propagate with velocities ±cp, as in the
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Fig. 1. Characteristic spectral curves of the tangential stress for the Cosserat continuum (a) and a momentless viscoelastic 
medium (b).

classical elasticity theory, and are not characterized by 
dispersion.

Subsystem (6) of the torsional waves is reduced to 
the telegraph equation relative to the angular velocity
d  ̂ = c m ю1, 11 — 4аю1/]'. The corresponding dispersion

equation c = nvcm/ V n2v 2 -  а / j , where c is the group 
velocity and v is the cyclic frequency, determines a 
particular solution in the form of a monochromatic 
wave: ю1 =  Cexp(2 niv(t — x1/ c), where i is the imagi­
nary unit and C is the complex constant. The telegraph 
equation solution independent of x 1 and obtained 
from here at c ^  да describes uniform self-oscillatory 
rotation of particles of the medium upon homoge­
neous shear with the period T = n j ] / а . The general 
solution of the telegraph equation is expressed as

§
ю 1 = J>' ( 9 J  ( -  u  (5 -  9 )n ) d9

0

n
+ Jq’(9 )Jo(- 2 V5(n -  9 ))d9

0

+ (p ( 0 ) + q ( 0 )) J o ( -  2 Т 5 П ) ,

where 5, n = (t ± x1/ cm)n/ T, J0 is the zero-order Bessel 
function of the first kind, and p and q are the arbitrary 
continuously differentiable functions that determine 
the Goursat conditions for the characteristics of the 
equation:

ю 1 (5, 0) = p (5) + q(0 ), 

ю 1 ( 0 ,n )  = p ( 0 ) + q ( n ) .

The analysis of the solution shows that wavelike rota­
tional motion of particles with the characteristic wave­
length of about cmT is excited in the plane of the tor­
sional wave fronts [14].

The results of numerical investigation of Eqs. (7) of 
the transverse waves on the basis of the Neumann— 
Richtmyer finite-difference scheme were reported in 
[13]. The computations were performed for different 
scales of the microstructure of a material in the one­
dimensional problem on impulse action on an elastic 
medium of a periodic system of Л -shaped impulses of 
tangential stress. The results showed that, in each fixed 
moment of time, the angular velocity and couple 
stresses are oscillating functions with the characteristic 
wavelength csT. Consequently, the occurrence of the 
oscillations, similar to the case of the torsional waves, 
is related to the rotational oscillations of particles: 
propagating along the medium, the transverse wave 
initiates such motion at the front plane.

On the basis of Eqs. (7), in the one-dimensional 
case the ways of resonance excitation were simulated 
by the expense of periodic boundary excitation with 
the frequency of natural oscillations of rotational 
motion of particles. Figure 1 depicts the tangential 
stress spectral curves obtained by numerical solution 
of the problem on uniform cyclic shear of a viscoelas­
tic layer of finite thickness. The graphs correspond to 
the rigidly fixed bottom side of the layer. The solution 
describes also the torsional oscillations of a cylindrical 
sample with one edge rigidly fixed. In this case, the 
tangential stress depends linearly on radius and, 
hence, is proportional to ct12 and linear velocity is pro­
portional to v2. Figure 1a corresponds to the Cosserat 
medium; Figure 1b depicts the same curve for an ordi­
nary momentless viscoelastic medium. The analogous 
graphs for perfect nonviscous media have a system of 
resonance peaks with infinite amplitudes. As it usually 
is, viscosity was used for smoothing. The shear process 
was described by Eqs. (7) where, according to the 
Boltzmann viscoelasticity theory, the products of the 
medium parameters on the kinematic characteristics 
of straining were replaced by the same characteristics 
using convolutions of the relaxation nuclei corre­
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s p o n d i n g  t o  t h i s  p a r a m e t e r s .  T h e  b o u n d a r y  c o n d i t i o n s  

o f  t h e  p r o b l e m  w e r e  t a k e n  a s

V 2I * ,  =  0 =  v  0e x p  ( 2  n  i v  0 .  ®  3 | x ,  =  0 =  0  >

1 , , '  ( 8)

V 2 1  * ,  =  h  =  Ю  3 1 =  h  =  0

w i t h  t h e  x 1 a x i s  d i r e c t e d  f r o m  t h e  t o p  d o w n  i n w a r d  t h e  

l a y e r  ( h  i s  t h e  l a y e r  t h i c k n e s s ) .  T h e  s y s t e m  w a s  s o l v e d  

b y  a  s p e c t r a l  m e t h o d :  a f t e r  t h e  F o u r i e r  t r a n s f o r m a t i o n ,  

t h e  f o l l o w i n g  s y s t e m  o f  a m p l i t u d e  e q u a t i o n s  w a s  

o b t a i n e d :

2 2
4 n v p  v 2 + ( p  + a )  v 2, , -  2a r o 3, 1 = 0 ,

2 2 A A A A A  A ~  ( 9 )

4 (n v j  -  a ) c o 3 + ( у  + s ) c s 3, ,, + 2a  v 2, 1 = 0 .

T h e  s o l u t i o n  o f  t h i s  s y s t e m  w a s  b u i l t  i n  t h e  e x p l i c i t  

f o r m  w i t h  r e g a r d  f o r  b o u n d a r y  c o n d i t i o n s  ( 8) .  T h e  

a m p l i t u d e  o f  t h e  t a n g e n t i a l  s t r e s s  w a s  d e t e r m i n e d  a s

2niv <s 12 = ( | s  + a ) v 2, 1 -  2a co 3.

T h e  p h e n o m e n o l o g i c a l  p a r a m e t e r s  o f  a  m e d i u m  w e r e  

s e l e c t e d  b y  t h e  e x p e r i m e n t a l  d a t a  f o r  h e a v y  o i l  i n  a  

r o c k  a t  s u f f i c i e n t l y  l o w  t e m p e r a t u r e  w h e r e  t h e  m a t e ­

r i a l  i s  i n  t h e  s o l i d  s t a t e  [ 1 7 ] .  F o r  t h i s  m a t e r i a l ,  p  =  

1 1 1 4  k g / m 3,  j  =  0 . 0 1  k g / m ,  p  =  9 6 6 ,  a  =  5 2 . 2  M P a ,  

Y  +  e  =  1 2 . 5 1  N ,  a n d  h =  3 6 . 4  m m .  A c c o r d i n g  t o  t h e  

K e l v i n — V o i g t  t h e o r y  u s e d  i n  t h e  c o m p u t a t i o n s ,  t h e  

c o m p l e x  m o d u l e s  a r e  l i n e a r  f u n c t i o n s  o f  f r e q u e n c y ;  i n  

p a r t i c u l a r ,  | s  =  p  +  2 n i v p ' .  T h e  i m a g i n a r y  p a r t s  w e r e  

c h o s e n  a s  t o  o b t a i n  t h e  r e q u i r e d  s m o o t h i n g  o f  t h e  

s o l u t i o n .

C o m p a r i s o n  o f  t h e  g r a p h s  i n  F i g .  1 s h o w s  t h a t  i n  

t h e  C o s s e r a t  m e d i u m  t h e r e  i s  a n  a d d i t i o n a l  r e s o n a n c e  

f r e q u e n c y  o f  2 3  k H z  c l o s e  t o  t h e  f r e q u e n c y  o f  r o t a ­

t i o n a l  m o t i o n  o f  p a r t i c l e s  a n d  i n d e p e n d e n t  o f  l a y e r  

t h i c k n e s s .  T h i s  i s  c o n f i r m e d  b y  a  g r e a t  n u m b e r  o f  

n u m e r i c a l  e x p e r i m e n t s  f o r  d i f f e r e n t  t h i c k n e s s e s .  I t  

a p p e a r e d  t h a t  t h e  c h a n g e  i n  h l e a d s  t o  n a t u r a l  d i s ­

p l a c e m e n t  o f  t h e  p e r i o d i c  s y s t e m  o f  g r o u n d  r e s o n a n c e  

f r e q u e n c i e s  w h i c h  a r e  a p p r o x i m a t e l y  vk =  kcs/(2h), 
w h e r e  k =  1,  2 ,  . . . ,  b u t  t h e  p e a k  c o r r e s p o n d i n g  t o  t h e  

f r e q u e n c y  v *  =  1/T  r e m a i n s  m o t i o n l e s s .

T h e  a n a l o g o u s  c o m p u t a t i o n s  f o r  f o a m y  p o l y u r e ­

t h a n e  w i t h  t h e  p a r a m e t e r s  p  =  3 4 0  k g / m 3,  j  =  4 . 4  x  

1 0 -4 k g / m ,  X =  4 1 6 ,  p  =  1 0 4 ,  a  =  4 . 3 3  M P a ,  p  =  

— 2 2 . 8 ,  у  =  4 0 ,  a n d  e  =  5 . 3  N  [ 18]  d i d  n o t  s h o w  a  p e a k  

s o  n o t i c e a b l e  a g a i n s t  t h e  b a c k g r o u n d  o f  t h e  f u n d a ­

m e n t a l  f r e q u e n c i e s  a t  t h e  m a t e r i a l  r e s o n a n c e  f r e ­

q u e n c y  o f  t h e  s a m e  o r d e r  o f  m a g n i t u d e  a s  t h a t  f o r  

h e a v y  o i l .  T h i s  f a c t  i s  e x p l a i n e d  b y  t h e  s u b s t a n t i a l l y  

l e s s  p r o n o u n c e d  c o u p l e  p r o p e r t i e s  e x p r e s s e d  i n  t h e  

v a l u e s  o f  p a r a m e t e r s  j  a n d  a .  I t  a p p e a r s  t h a t  i n  t h e  

m a t e r i a l s  w i t h  t h e  l o w  c o u p l e  p r o p e r t i e s  t h e  r e s o n a n c e  

o f  r o t a t i o n a l  m o t i o n  o f  p a r t i c l e s  c a n  b e  e x c i t e d ,  f o r  

e x a m p l e ,  b y  t h e  p e r i o d i c  v a r i a t i o n  o f  t h e  a n g u l a r  

m o m e n t u m  a t  t h e  l a y e r  b o u n d a r y .  S p e c t r a l  c u r v e s  f o r  

s y n t h e t i c  p o l y u r e t h a n e  a r e  p r e s e n t e d  i n  F i g .  2 .  I n

Fig. 2. Resonance peak of the angular velocity amplitude 
on the spectral curve for synthetic polyurethane.

t h i s  c a s e ,  t h e  p a r a m e t e r s  a r e  p  =  5 9 0  k g / m 3 ,  j  =  5 . 3 1  x  

1 0 -6 k g / m ,  X  =  2 . 1 9 5 ,  p  =  1 . 0 3 3 ,  a  =  0 . 1 1 5  G P a ,  p  =  

— 2 . 3 4 ,  у  =  4 . 1 ,  a n d  e  =  0 . 1 3  N .  T h e  r e s u l t s  w e r e  

o b t a i n e d  b y  t h e  n u m e r i c a l  c o m p u t a t i o n  o f  s y s t e m  ( 9)  

w i t h  t h e  b o u n d a r y  c o n d i t i o n s

a  121X1 =  0 =  0 ’ m  13I ^  =  0 =  m  0e x p  (  2 n  i  v  0  ’

V 2 1  *  =  h =  Ю  3 1 ̂  =  h =  0

u s i n g  t h e  s p e c t r a l - d i f f e r e n c e  m e t h o d .

T h e  p r e s e n t e d  g r a p h s  c o r r e s p o n d  t o  h  =  1 0  c m ;  

h o w e v e r ,  t h e y  a r e  n e a r l y  i n d e p e n d e n t  o f  l a y e r  t h i c k ­

n e s s .  T h e  c u r v e s  a r e  r e l a t e d  t o  d i f f e r e n t  l e v e l s :  t h e  

u p p e r  o n e  c o r r e s p o n d s  t o  t h e  l a y e r  b o u n d a r y  w h e r e  

t h e  p e r i o d i c  p e r t u r b a t i o n s  a r e  e x c i t e d ;  t h e  m i d d l e  a n d  

l o w e r  o n e s ,  t o  t h e  l e v e l s  d i s t a n t  b y  a  q u a r t e r -  a n d  h a l f ­

t h i c k n e s s  o f  t h e  l a y e r  d e e p  f r o m  t h e  b o u n d a r y .  A n a l y s i s  

s h o w s  t h a t  t h e  a m p l i t u d e  o f  t h e  a n g u l a r  v e l o c i t y  h a s  

t h e  o n l y  r e s o n a n c e  p e a k  a t  t h e  f r e q u e n c y  v *  =  1 . 4 8  M H z

w i t h i n  t h e  r a n g e  o f  i n t e r e s t ;  t h e  h e i g h t  o f  t h e  p e a k  i s  

d e t e r m i n e d  b y  t h e  i m a g i n a r y  p a r t  o f  t h e  p a r a m e t e r  

Y  +  s  a n d  d r o p s  w i t h  d e p t h  a l m o s t  l i n e a r l y .

Q u a l i t a t i v e l y  s i m i l a r  r e s u l t s  i n  t h e  p r o b l e m  w i t h  

b o u n d a r y  c o n d i t i o n s  ( 10)  w e r e  g i v e n  b y  t h e  c o m p u t a ­

t i o n s  f o r  t h e  p a r a m e t e r s  o f  f o a m y  p o l y u r e t h a n e  a n d  

h e a v y  o i l .

R E S U L T S  O F  S P A T I A L  C O M P U T A T I O N S

T h e  p r o b l e m s  o f  n u m e r i c a l  i m p l e m e n t a t i o n  o f  t h e  

C o s s e r a t  e l a s t i c  m e d i u m  i n  t h e  g e o m e t r i c a l l y  l i n e a r  

a p p r o x i m a t i o n  u s i n g  m u l t i p r o c e s s o r  c o m p u t e r s  w e r e  

c o n s i d e r e d  i n  [ 1 3  a n d  1 4 ] .  T h e  t w o - d i m e n s i o n a l  c o m ­

p u t a t i o n s  o f  t h e  n a t u r a l  o s c i l l a t i o n s  o f  p a r t i c l e  r o t a ­

t i o n a l  m o t i o n  w e r e  p r e s e n t e d  i n  [ 1 3 ] .  T h e  r e s u l t s  o f  

n u m e r i c a l  s o l u t i o n  o f  t h e  s p a t i a l  L a m b ’ s  p r o b l e m  o n  

m o m e n t a r y  a c t i o n  o f  c o n c e n t r a t e d  f o r c e s  a n d  

m o m e n t s  a t  t h e  h a l f - s p a c e  s u r f a c e  w e r e  r e p o r t e d  i n  

[ 1 4 ] .  T h e  c o m p u t a t i o n s  w e r e  b a s e d  o n  t h e  e x i s t i n g
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*3

(c) (d)

Fig. 3. Lamb’s problem for different types of loading: level surfaces of stress сц under the normal loading (a), stress a 2̂ under 
the tangential loading (b), moment Иц under the action of the torsional moment (c), and moment under the action of the 
rotational moment (d).

software developed by the authors. In the seismograms 
plotted using the results of computations in a SeisView 
system of geophysical data processing, loading waves 
of four types propagating with velocities (4) were iden­
tified: longitudinal, transverse, torsional, and rota­
tional. The spatial computations confirmed that the 
main qualitative difference of the wave field in the 
Cosserat elastic medium from the classical elasticity 
theory is the occurrence of oscillations of particle 
rotational motion at the wave fronts. Comparative 
computations for different scales of the medium 
microstructure established the direct proportional 
dependence of the natural oscillation period on the 
scale.

Figure 3 depicts the level surfaces of stress and 
moments for Lamb’s problem on the action of con­

centrated loading at the angular point of the upper 
boundary of the computation region. Loading of dif­
ferent types was considered. The level surfaces of 
stress a n under the normal loading a n =  —p 1d(x)d(t) 
are illustrated in Fig. 3a. The level surfaces of stress ct12 
under the tangential loading ct12 =  —p 2d(x)d(t) are shown 
in Fig. 3b. The level surfaces of moment m 11 under the 
action of the torsional moment m11 =  — q1d(x)d(f) and 
those of moment m12 under the rotational moment 
m12 =  —q2d(x)d(t) are presented in Figs. 3c and 3d, 
respectively. Behind the fronts of the transverse waves, 
one can clearly see the oscillations caused by rota­
tional motion of particles of the material. The compu­
tational region with regard o f the symmetry conditions 
is a quarter of half-space. In practice, the computa­
tions were performed on a cube with a side of 1  cm for
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(a)

m12

x i

Fig. 4. Problem on the periodic action of the concentrated rotational moment: loading scheme (a) and the surfaces of the level of 
angular velocity ® 2  for the resonance (b) and nonresonance (c) frequencies in different moments of time (t = 6.5 and 13 ps on 
top and at the bottom, respectively).

th e  case o f  syn thetic  po ly u re th an e . T h e  figures c o rre ­
sp o n d  to  th e  tim e  m o m e n t 6.5 ps. To o b ta in  accep tab le  
accuracy, 64 c lu ste r p rocessors w ere requ ired .

Below, we p re sen t th e  results o f  n u m erica l so lu tio n  
o f  th e  p ro b lem  o n  th e  a c tio n  o f  th e  co n c e n tra ted  ro ta ­
tio n a l m o m e n t m 12 =  —q2S(x)sin(2nvt) period ica lly  
chang ing  in  tim e. F igure  4 p resen ts th e  load ing  
sch em e fo r th is  p ro b lem  (Fig. 4a) a n d  th e  surfaces o f  
th e  level o f  an g u la r ve locity  ю2 fo r th e  n o n re so n an ce  
frequency  v  =  1.5v* (Fig. 4b) an d  th e  re so n an ce  fre ­

q u en cy  v  =  v* (F ig. 4c) in  d ifferen t m o m en ts  o f  tim e.

T h e  co m p u ta tio n s show ed th a t, a t ex ternal a c tio n  fre ­
q u en cy  v* (F ig. 4c) equal to  th e  eigenfrequency  o f

ro ta tio n a l m o tio n  o f  particles, th e  am p litu d e  grows 
w ith  tim e  a n d  th e  oscillations sm o o th ly  dam p u p o n  
m oving o ff  th e  p o in t o f  load ing  ap p lica tion ; su ch  
dam ping  is charac teris tic  o f  acoustic  resonance . T h e  
analogous co m p u ta tio n s  show ed th a t th e  varian ts o f  
specifying th e  tim e-p e rio d ic  an d  spatia lly  c o n c e n ­
tra ted  n o rm a l o r tan g en tia l stress an d  th e  lin ea r  or 
an g u la r velocity  do  n o t lead  to  no ticeab le  reso n an ce  
ex c ita tio n  o f  a  m ed ium .

N O N L IN E A R  V E R S IO N  O F  T H E  M O D E L

I n  th e  geom etrica lly  n o n lin e a r case, tran sla tio n a l 
m o tio n  o f  a  m e d iu m  w ith  th e  m ic ro s tru c tu re  is 
described  by  th e  e q u a tio n  x  =  x (%, t) re la ting  th e  
L agrang ian  an d  E u le r vectors o f  th e  cen te rs  o f  m ass o f  
partic les. To take  in to  ac c o u n t ro ta tio n a l m o tio n , th e  
o rth o g o n al ten so r R =  R (£,, t) is in tro d u ced . T h e  veloc­
ity  v ec to r is v  =  x an d  th e  an g u la r velocity  te n so r is

ca lcu la ted  as ю =  R • R *. As a  m easu re  o f  stra in , th e  
ten so r Л  =  V x̂ • R is taken , w h ich  possesses th e  p ro p ­
erty  th a t, u p o n  m o tio n  o f  th e  m e d iu m  as a  rigid w hole 
w h en  th e  s tra in  g rad ien t ten so r (V^x )* co incides w ith  
ro ta tio n  te n so r R, th e  fo rm er equals to  th e  m etric  te n ­
sor, w h ich  co rresponds to  th e  strain less sta te  o f  th e  
m ateria l. In  ad d itio n , th e  eq u a tio n

Л  • R* = V ^v  + V^x •ю  (11)

is valid , th e  lin e a r  ap p ro x im atio n  o fw h ic h  exactly  c o r­
responds to  th e  k in em atic  e q u a tio n  fo r th e  ten so r o f  
s tra in  velocities in  th e  geom etrica lly  lin e a r  C ossera t 
m odel. L et (V^x )* =  Re • Vis th e  p o la r  deco m p o sitio n  
o f  th e  s tra in  g rad ien t ten so r in  th e  p ro d u c t o f  o rth o g o ­
n a l Re an d  sym m etric  V tensors. T h e  co n stru c tio n  o f
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th e  te n so r Л  =  V ■ Rr takes in to  ac c o u n t b o th  th e  n o r ­
m al m e d iu m  stra in  described  by  th e  sym m etric  p a r t o f  
th is d eco m p o sitio n  an d  th e  relative p a rtic le  ro ta tio n  
ch a rac te rized  by  th e  ten so r Rr =  R* ■ R, w h ile  th e  te n ­
so r o f  p a rtic le  ro ta tio n  R =  Re ■ Rr is p resen ted  as 
su p erp o sitio n  o f  th e  relative an d  tran s la tio n a l ro ta ­
tions.

F ro m  th e  in teg ra l laws o f  con serv a tio n  o f  m o m e n ­
tu m , an g u la r m o m en tu m , an d  energy w ith  regard  o f  
th e  laws o f  reversible th e rm o d y n am ics, th e  system  o f  
d ifferen tia l equa tions o f  m o tio n  an d  th e  defin ing 
equa tions follows:

Po v  = ■a + f,

£ ( /  ■©) = V  ■ m + 2 ( a  * ■V^x)a + g, (12)

a  ■ R д Ф

д Л ,

m дФ
dM '

M  is re la ted  to  th e  axial tensors. A t su ch  se lec tion , th e  
defin ing equa tions take  th e  fo rm

&■ R = a , 5 + 2а2Л* + 3 а3(Л* f  + 2 аЛа,
1 2  (13)2

m = b15 + 2b2 M  + 3b3( M ) + 2 s  M ,

w h ere  ak =  дФ / d I\ , bk =  дФ / d  Jsk (k =  1, 2, 3), an d

a  =  д Ф / д a n d  s =  дФ /d  J  are  th e  sta te  functions. In  
th e  th eo ry  o f  sm all stra ins o f  th e  C ossera t co n tin u u m , 
th e  elastic p o ten tia l is d e te rm in ed  as

Ф )2 * ,aФ = —Vv-2 -VV- + p  I 2  + a I2 

-  ( 3X + 2 p )l1  + J -  + yJS2  + sJ,.

H ere , p 0 is th e  in itia l density  o f  a  m ed iu m , J  is th e  
sym m etric  an d  positively defined  te n so r o f  in ertia , an d  
Ф is th e  in te rn a l energy p e r  u n it  vo lum e, i.e ., th e  e las­
tic  stress p o ten tia l d epend ing  o n  tensors Л , M , an d  
en tro p y  S. F o r th e  ad iabatic  processes, th e  en tro p y  is 
c o n s ta n t an d  en ters system  (12) as a  param eter. In  th e  
n o n lin e a r version o f  th e  m o d el, th e  stress tensors are  
re la ted  to  th e  in itia l co n fig u ra tio n  an d  cu rvatu re  te n ­

so r M  is governed by  th e  e q u a tio n  M  =  V^®, w h ich  
inc ludes th e  L agrang ian  variab le grad ien t.

T ensor o f  in e rtia  J  changes d epend ing  o n  tim e  in  
acco rd an ce  to  th e  e q u a tio n  J  =  R ■ J0 ■ R*, w h ich  can  
be  exp lained  by th e  tran s itio n  to  th e  accom pany ing  
co o rd in a te  system  associa ted  w ith  a  ro ta tin g  particle. 
A fte r tim e  d ifferen tia tion , it yields th e  d ifferen tia l

eq u a tio n  J =  ® ■ J  — J  ■ ®. System  (11), (12) differs 
fro m  th e  system  o f  equa tions fo r th e  m o d e l o f  a 
m ic ro p o la r  m e d iu m  [19] on ly  in  som e details.

In  th e  case o f  a n  iso trop ic  m ed iu m , th e  ten so r o f  
in e rtia  is spherical, J 0 =  j5, an d  th e  in te rn a l energy 
depends o n ly  o n  th e  invarian ts o f  tenso rs Л  an d  M. As 
a  co m p le te  system  o f  in d e p e n d e n t invarian ts, th ree  
invarian ts fro m  th e  sym m etric  p art an d  o n e  invarian t 
fro m  th e  an tisym m etric  p a rt o f  e ach  o f  th e  tenso rs can  
be  taken:

I\ = Л  : 5 , I2 = (As)2 : 5, 

I3 = (Л*)3 : 5 , f 2 = 2| Л а|2, 

J  = M  : 5 , J2 = (M )2 : 5, 

J3 = (M  ) 3 : 5 , J  = 2| Ma\2.

H ere , ax =  A,(I\ — 3) — 2p , a2 =  p , a 3 =  0, b  =  p J  , 
b2 =  y, an d  b3 =  0.

As a n  exam ple, co n sid e r th e  process o f  p la n a r sh ear 
o f  a n  iso trop ic  C osserat elastic m e d iu m  in  th e  absence 
o f  b o d y  forces an d  m o m en ts  described  by  th e  eq u a ­
tions

x 1 = 2,1, x 2 = X^1 + ^2, x 3 = ^3. (14)

I f  sh ea r velocity  X is co n stan t, th e  h o m ogeneous 
s tressed -stra ined  sta te  occurs in  th e  m ed iu m , since 
forces o f  in e rtia  o f  tran sla tio n a l m o tio n  a re  absent. 
T h e  m atrices o f  th e  s tra in  g rad ien t tensor, ro ta tio n  
tensors, an d  an g u la r velocity  in  th e  co o rd in a te  system  
u n d e r  co n sid e ra tio n  are

1 0 0 cos ф -  sin ф 0

< * II

X 1 0  

1 0 0 1 )

, R = sin ф cos ф 0

v 0 0 1 )

® =

(

Ф

\

0 - 1 0  

1 0  0 .

V  0  0  0  )

T h e  curvatu re  an d  cou p le  stress tensors a re  iden tica lly  
zero . In  th e  absence  o f  relative ro ta tio n  o f  partic les, 
w hen  angle Ф  co incides w ith th e  angle o f  ro ta tio n  o f  
tran sla tio n a l m o tio n  ф е, th e  m a trix

(  \

X  sin ф  + cos ф  x cos ф  -  sin ф  0

sin ф  cos ф  0

0 0 1 )

Л  = V^x ■ R =
T h e  s im u ltaneous invarian ts c a n n o t partic ip a te  as 
argum en ts, since  Л  is re la ted  to  th e  po la r tenso rs an d
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is sym m etric ; consequently , we have ta n  ф£, =  x /2 .  In  
th is case, acco rd in g  to  (13), th e  m atrix

a  * • V x
2 (15)

= (R ( a! 5 + 2 a2t i  + 3 a 3 (Л ) -  2 a Л a ) ^  R *)

is also sym m etric ; there fo re , th e  e q u a tio n  of ro ta tio n a l 
m o tio n , w h ich  involves on ly  its an tisym m etric  p art, 
takes th e  fo rm  j  ф e =  0. I t  is obviously valid  on ly  i f  th e  
m e d iu m  does n o t possesses th e  ro ta tio n a l inertia . In  
th e  in e rtia l m ed ia , th e  co n d itio n  ф =  фе +  фг is sa tis­
fied, w here  фг is th e  angle o f  relative ro ta tio n  co n sid ­
e red  to  be  sm all as co m p ared  to  фе. U n d e r  th is c o n d i­
tio n , accu ra te  to  th e  se c o n d -o rd e r te rm s, w e have

s in ф *  s in фе + фгc o sфе,

cos ф *  cos фе -  фгsin фе,

0
\\ f

2 -X

X
 

bo
 

О
 

О

V x 2 + 4 R * X 2 0 -  ф, ,

V 0 0 V x 2 + 4 '/ V

ООО

(
2 + 2

\ (

V  + 4 Л  *
X X 0 - X X  + 2  0

X 2 0 -  ф, - 2  X 0

V 0 0 J x 2 + 4 2 V\ ОО
0 2

S u b stitu tio n  o f  these  app ro x im atio n s to  fo rm u la  (15) 
w ith  th e  su bsequen t ca lcu la tio n  o f  th e  an tisym m etric  
p a r t o f  th e  m a trix  a *  • V x  yields th e  e q u a tio n  o f  ro ta ­
tio n a l m o tio n

/ф r = -  аофг + 4jXX 2, (16)
(X2 + 4)

w h ere  ao =  ( a  -  a 2) (x 2 +  4) -  (a 3 +  3a3(x 2 +

2 ) / 2 ) T ?  + 4 .  T h e  second  te rm  in  th e  righ t p a r t o f  
Eq. (16) associa ted  w ith  th e  sh ea r velocity  describes 
c o n tin u o u s  ro ta tio n  o f  partic les. T h is te rm  is exactly  
equal to  th e  m o m e n t o f  forces o f  in e rtia  o f  tran s la ­
tio n a l m o tio n . T h e  first te rm  is caused  by elastic c o m ­
p lian ce  o f  a  m e d iu m  w ith  resp ec t to  ro ta tio n a l m o tio n  
o f  partic les. A t th e  positive value o f  p a ra m e te r  a0 
d ep e n d e n t o f  sh ea r angle, a n  o sc illa tion  m o d e  o f  ro ta ­
tio n  is im p lem en ted  in  th e  m ed iu m . A t th e  negative 
value, th e  oscilla tions vanish.

C o n sid e r th e  case o f  th e  q u ad ra tic  stress p o ten tia l 
o f  th e  C o sse ra t co n tin u u m . As u p o n  sh ea r we have

I j  =  1 +  a/ x 2 + 4 , fo r th is  p o te n tia l we have

ax = k J x 2 + 4 -  2 (X + p ) ,  a2 = p , a3 = 0, 

ao = ( a  -  X -  p ) ( x 2 + 4) + 2(X + p)VXT + 4 .

A t sm all x , p a ra m e te r  a 0 is 4 a  > 0. T h e  genera l so lu tio n  
o f  Eq. (16)

фг( 0  = C 1 sin t  + C2cos —

describes in  th is case th e  perio d ic  n a tu ra l oscillations 
w ith  p e rio d  T .

F o r  m o st m ateria ls  w ith  th e  m o m e n t p roperties 
rep o rted  in  lite ra tu re , th e  q u an tity  X +  p is h ig h er th a n  
a by a n  o rd e r o f  m agn itude . T herefo re , p a ra m e te r  a0 
positive a t sufficien tly  sm all shears changes its sign. 
T his occurs a t th e  c ritica l x value

= 2 //2 a (X  + p) -  a 2 

X *  X + p -  a
U p o n  ap p ro ach in g  th is  value, th e  oscilla tory  m o d e  o f  
ro ta tio n  o f  p artic les changes to  sm o o th  oscillationless 
m o tio n . F o r  exam ple, th e  respective c ritica l values for 
foam y an d  syn thetic  p o ly u re th an e  a re  x * =  0.26 an d

X * =  0.55.

T h e  o b ta in ed  so lu tio n  illustrates th e  m a in  q u a lita ­
tive fea tu re  o f  s ta in  o f  a  m e d iu m  w ith  th e  m ic ro s tru c ­
tu re  as co m p ared  to  a n  o rd in a ry  elastic m ed iu m . A t 
th e  ce rta in  co n d itio n s, th e  sh ea r process in  su ch  a 
m ed iu m  is acco m p an ied  by  n o rm a l oscilla tions o f  
ro ta tio n a l m o tio n  o f  partic les, w h ich  leads to  th e  
o ccu rren ce  o f  acoustic  re so n an ce  u n d e r  ce rta in  p e r ­
tu rb a tio n  cond itio n s.
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