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Abstract—Acoustic and optical properties of two-dimensional phonon crystals with a hexagonal symmetry
are described. Differential-difference equations describing plane oscillations of a two-dimensional lattice of
material structures are derived in a harmonic approximation, and dispersion dependences of acoustic and
optical phonons are calculated. Branches of optical oscillations and intervals of forbidden frequencies are
shown to appear when a lattice consists of two types of atoms.
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INTRODUCTION

At present, propagations and interactions of acous-
tic waves in lattices and periodic structures are actively
being investigated. This concerns, in particular, the
study of phonons in nanostructures [1—3]. The keen
interest in such types of materials is attributed to their
unique properties that allows them to be used in many
fields, in particular, in nanoelectronics.

The object of investigation was a metamaterial hav-
ing a complex structure with two particles with differ-
ent masses in a unit cell. In the case in which the
masses of the particles are identical, the metamaterial
structure coincides with that of a synthetic opal SiO,,
it being a crystalline structure from densely packed
spheres with a diameter from 200 to 1000 nm [6, 7].
Opals were found to be characterized by anisotropy of
thermal conductivity related to the passage of high-
frequency acoustic phonons and the existence of
“audio channels.” No convincing theoretical expla-
nation of these effects has been obtained as yet. In
crystal acoustics, they usually work with continual
models of anisotropic solids [8, 9], which are applica-
ble only for waves with a length much larger than the
lattice period. Such models cannot describe the dis-
persion properties of short acoustic waves when the
periodicity of the lattice starts and, thus, they cannot
be used to explain formation of audio channels. A
description of the dispersion properties of shortwave
perturbations necessitates having a mathematical
apparatus developed in lattice dynamics and solid state
physics [10, 11].
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A HEXAGONAL LATTICE
WITH ONE PARTICLE IN A CELL

Consider oscillations of a hexagonal lattice (Fig. 1)
with homogeneous particles with the mass M posi-
tioned in the lattice points. In the initial state, the cen-
ters of the particle mass are in the lattice points, the
distance between them being a. Each particle interacts
with six immediate neighbors the centers of mass of
which are at the apexes of a right hexagon inscribed
into a circumference with the radius a (the first coor-
dination sphere). The lattice points are numbered with
respect to the central points (n = 1, ..., 6) anticlock-
wise staring from the x axis. Each particle is character-
ized by two degrees of freedom: displacements of the
centers of mass u,(f) and w,(t) along the x and y axes,
respectively, where # is the point number. The poten-

Fig. 1. A scheme of particle interaction in a hexagonal
lattice.
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tial energy in each lattice cell is a function of the
momentary positions of its particles. It can be repre-
sented as a sum of energies of pairwise central interac-
tions between the lattice particles that depend only on
the distances between them [8]. In the case of struc-
tural modeling, an equivalent power scheme in the
form of a system of rods or springs responsible for the
transfer of forces and moments is usually introduced
instead of a field description of the interaction [7, 10].
As all forces in the considered lattice are central, a
spring model is used for simulation of the interaction.
In the harmonic approximation, the potential energy
per lattice cell is

6
k
U= EZD,Z,,

n=1

where D, is the variation in the distances (spring
lengths) between the particle positioned in the center of
a configuration sphere and its neighbors (n =1, ..., 6).
The multiplier 1/2 in front of the sum sign takes into
account that the potential energy of each spring is
equally divided between the two particles connected
with this spring. In the approximation of the smallness
of particle displacements, the equations for D, have
the form

D, = cos((n - l)g)Aun + sin((n - 1)9 Aw,,

where Au, = u,, — u,, Aw, =w, — w,, u,, w, is the dis-
placement of the central point. As the lattice in the
considered case is simple, the kinetic energy of the cell
is equal to the kinetic energy of its central particle,

T = rg(uf + w'cz).

Based on the variational principle of the Hamiltonian,
we find the equations that describe the dynamics of a
two-dimensional hexagonal structure,

6
MW;; = A/%CZ (Aun_’\/gAwn)a

n=2
] n#d (1)
" k k
Mu,, = 4—12 (Au,,—«/gAw,,)+é—1 Z Au,.
n=2 n=14
n=4

Let us consider now some properties of elastic wave
propagation in such a periodic system without impos-
ing any limitations on the wavelengths of elastic oscil-
lations. The wavelength can be both much larger than
and comparable with the distance between the parti-
cles if a conventional continual approximation does
not work.
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DISPERSION RELATIONS

All particles in the considered structure are physi-
cally equivalent, and thus excitation of any particle is
to be redistributed over the entire structure. In other
words, each motion of an individual particle will stim-
ulate corresponding motions of neighboring particles.
It will yield running of a wave over the lattice, it being
a typical collective motion. Let us turn to normal
oscillations to consider collective motions in a crystal
that is regarded as an ordered collective [8, 9]. Con-
sider the solutions to Eq. (1), which represent plane
monochromatic waves for which the displacement can
be represented as follows:

u(N, 1) = Aexp[i(w(q)f—qN)],
w(N, 1) = Bexp[i(o(q)!—qN)],

where ® = ©(q) is the wave frequency considered as a
continuous function of the wave vector q = (¢4, ¢,)
specifying the direction of wave propagation in the
Cartesian coordinate system (x, ¥) and its length A =
2n/q, g = |q| is the wave vector modulus. The compo-
nents of the wave vector are given in a polar coordinate
system, q = (gcosQ, gsin®), and ¢ is the angle between
the wave vector direction and the x axis. The quantities A
and B determine displacement amplitude in a wave
along the coordinate axes. The vector N numerates the
lattice points. Arbitrary collective motions can be rep-
resented as a superposition of monochromatic waves.

Substitution of the solutions to Eq. (2) into Eq. (1)
yields a set of equation for determining displacement
amplitudes which can be represented in a matrix form,

dy dy/\ B
dy = Mo’ -3k + 2kcos(q,a)

+ A/§kcos (q%a) cos (qzﬁl) ,

2

2

a)’

2«/—0
L)

dy = dy = ﬁksin(‘%’) sin(qz“/_

3
2
dy = Mo’ -3k + ,ﬁkcos(q%a) cos(

The set of equations has a nontrivial solution if its
determinant is d(w, ¢;, ¢,) = 0, which yields a disper-
sion correlation. The dispersion equation is a biqua-
dratic with respect to frequency, and from the geomet-
rical point of view describes a family of two surfaces
periodic over g; and g, in a three-dimensional space
(o, q1, ¢,). A proper normal mode of oscillations cor-
responds to each of the surfaces. Two independent
waves (normal modes) with mutually perpendicular
displacements correspond to any wave vector direc-
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Fig. 2. The pattern of equal frequencies for longitudinal (a) and transverse (b) phonons.

tion. Based on the direction of displacement with
respect to the wave vector, the oscillations can be
divided into longitudinal (LA when the displacement
is parallel to q) and transverse (TA when the displace-
ment is perpendicular to q). Strictly speaking, dis-
placements of particles during oscillations are either
parallel or perpendicular to the vector q only during
wave propagation in the symmetry directions. In the
general case, the waves are not purely longitudinal or
purely transverse [9, 12]. The velocity of propagation
of longitudinal oscillations is, as a rule, higher than
that of transverse ones and, thus, a mode with a higher
phase velocity in solid acoustics is called longitudinal
and that with a lower phase velocity is called trans-
verse. When a displacement wave propagates at the
angle @ to the x axis, the longitudinal 4; and the trans-
verse Ar component of displacement are expressed
through the amplitudes 4 and B,

A; = Acos@ + Bsinp, A; = —Asing + Bcoso.
It follows from the equation for determining displace-
ment amplitudes that displacements of A and B are
related by the equation 4 = —(d|,/d, (®,))B. We can
introduce the coefficients of propagation of longitudi-
nal and transverse displacements in the acoustic
branch of oscillations ® = w(q) (k = 1, 2) that satisfy
the normalization condition (k*)> + (k7)? =1,

k(o ) = :1L 2 _ duSin(p2—d122COS(p ’
kT((Dk, 0) = ;4T 2 — d]]COS(z+dl§5in(p ‘

Using these relations it can be shown that the waves
propagating along the symmetry directions are purely
longitudinal and purely transverse.
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ANALYSIS OF DISPERSION PROPERTIES
OF ACOUSTIC PHONONS

By analogy with solid state physics, each normal
oscillation of the lattice corresponds to a quasiparti-
cle—namely, a phonon. A longitudinal phonon corre-
sponds to a longitudinal mode and a transverse
phonon corresponds to a transverse mode [9]. Lattice
periodicity yields a periodic dependence of frequency
on the wave number and the notion of Brillouin zones
[8, 9]. Figures 2 and 3 exemplify the patterns of equal
frequencies and dispersion curves along the symmetry
directions of a crystalline structure. During graphical
plotting it was assumed that the dimensionless param-
eters of the lattice are as follows: a = a,/a, =1, m =
m,/my= 1, and k = k,/k,= 1, where the quantities with
the index “0” represent dimensional scales of a real
lattice. The patterns of equal frequencies shown in
Fig. 2 are plane cross sections of three-dimensional
surfaces w,(q,, g¢,) = const separately for longitudinal
(Fig. 2a) and transverse (Fig. 2b) phonons. A dashed
line in the figure marks the first Brillouin zone which
represents itself an equilateral hexagon rotated by the
angle /6 with respect to the cell of a straight lattice
(Fig. 1). With an increase in frequency, the level lines
deviate from the circular one and take the shape of a
hexagon, which points to the appearance of acoustic
anisotropy in the crystalline structure. The existence
of closed curves with centers lying on the boundaries
of the Brillouin zone points to nonmonotony of the
dispersion dependence.

Figure 3 shows the dispersion curves calculated
along the symmetry directions (I'—K and I'—M) and
along the boundary of the Brillouin zone (K—M) (sece
Fig. 2). The angle ¢ points to the direction of a plane
wave propagation with respect to the x axis in a straight
lattice (Fig. 1). It is apparent that the frequency of lon-
gitudinal phonons in the I'-K direction has a maxi-

mum at the point ¢ = 2(w — arctan(3ﬁ) )/a and then
decreases until the boundary of the Brillouin zone. It
results in the fact that there is a section on the disper-



912

M r K M

Fig. 3. Dispersion curves for longitudinal and transverse
phonons in the lattice.

sion curve where the group velocity is negative, V,, =
dw/dqg < 0. This is the so-called region of a backward
wave. Backward waves in periodic structures are asso-
ciated with the phenomenon of negative refraction in
case the surfaces of equal frequencies are convex [6]. As
arule, the region of a negative group velocity is observed
for the dispersion branches of “optical” phonons in lat-
tices with a complex structure when there is more than
one particle in the periodicity cell. Here, an analogous
situation takes place for optical phonons in a simple lat-
tice that has not been observed earlier.

Anisotropy of the phonon spectrum is determined
by the anisotropy of phase velocities V,, = o/|q],
which depend on the angular variable ¢ and the wave
vector q. Figure 4 shows angular dependences of phase
velocities of transverse and longitudinal waves at dif-
ferent wavelengths.

It is apparent from the plots that the behavior of
phase velocities and, as a result, phonon spectra sub-

o
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stantially differs from similar characteristics for aniso-
tropic media. In the long-wave region, phase velocities
do not depend on the angle and, thus, the lattice
behaves as an isotropic medium. This fact is well
known in the mechanics of a solid deformed body.
However, when the wavelength starts decreasing, the
phase velocities become angle-dependent (Fig. 4b),
i.e., the properties of anisotropy show up as related to
shortwave phonons. At wavelengths comparable with
the distance between the particles in a lattice, so-
called “audio channels” are formed. The phonon
propagation velocity in these channels is much higher
than the velocities of phonon propagation in other
directions (Fig. 4b). These results are experimentally
verified based on investigations of thermal conductiv-
ity on crystalline structures [3].

A HEXAGONAL CRYSTALLINE LATTICE
WITH TWO PARTICLES IN A CELL

Let us consider a crystalline metamaterial with two
point particles in a unit cell (Fig. 5). The material has
a hexagonal structure with the distance between the
particles equal to a. The geometrical structure of the
metamaterial can be represented in the form of two
interpenetrating lattices in the points of which there
are particles of two types with different masses M,, r =
1, 2. The kinetic energy of a cell is equal to the kinetic
energy of the particles in it,

7= ity + 22 02,
2 2

To calculate the potential energy, we will take into
account the interaction of central particles with num-
bers 1 and 2 with the neighboring particles lying on the
nearest coordination sphere, i.e., the neighbors that
are nearest to this point. For this, let us introduce three
types of springs with rigidities k;, k,, and k. The
springs with the rigidity k; connect only the particles
with the mass M; with the rigidity k,, only the parti-
cles with the mass M,; and with the rigidity k,,, the
particles with different masses M| and M,. We will hold
to one and the same principle of denomination as in
case of a simple hexagonal structure with one mass.

1 |
—0.41-0.2 0
—0.2

—0.4

(@) ¢=0.5

(b) g=4n/3

(c) g=55

Fig. 4. Angular dependences of normal mode velocities at different wavelengths.
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Let us number the particles lying on one coordination
sphere anticlockwise with respect to the central parti-
cle starting from the x axis. The particles belonging
simultaneously to two coordination spheres will have a
double numeration.

The potential energy in one lattice cell (# is the
number of the central point, # is the number of the
particle on a corresponding coordination sphere, and
n =13, 6 correspond to the direction of a chain ofiden-
tical atoms) is

Z Dn1+

n36

PR
12
Z DnZ 72 ZDW’
n=3,6 r=1ln=1
n#3

T . T
where D, = cos((n - 1)5) Au,, + sm((n - 1)5) Aw

The equations describing the dynamics of a two-
dimensional hexagonal lattice have the form

ku Z Au n1+_ Z (Au,, '\/§Awn1)
n—l 4 n—36
+ %2 (Au,, - ‘\/§Awn1)
n=25
1= L5 S (au,, VR,
n=3,6
NECLES SOV
h= 25 (3)
Mu2;, Z Aun2+ — Z (AunZ_"/_AwnZ)
n—l 4 n=23,6
+ kZH (AunZ - '\/§Awn2)a
n=25

" 3k
Myw2, = A/—TZ Z (Au,, - ’\/§Awn2)

n=36

3k
+T12 Z (Aunz—,ﬁAwnz).
n=25

Here, n =1, 4 correspond to the number of the particle
on the coordination sphere in the direction along the
X axis, n = 2, 5 correspond to the direction at the angle
of /3 with respect to the x axis. Let us seek the solu-
tion to set of equations (3) in the form of plane mono-
chromatic waves (o = 1, 2)

U (N, 1) = A, exp[i(w(q)—qN)],
W (N, 1) = B exp[i(w(q)t—gqN)].
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Fig. 5. A scheme of particle interaction in a hexagonal lat-
tice with atoms of two types.

Then set of equations (3) is transformed to a matrix
form for determining displacement amplitudes:

dll d12 d13 d14 Al
d21 d22 d23 d24 AZ
d31 d32 d33 d34 Bl
d41 d42 d43 d44 BZ

=0, 4)

where the matrix elements have the form

d,, = lez_'_ kl(cos(zel) -1 5%12’

«/§(k1 —kyy) «/§k1005(91)

d-=d. =
12 21 7 3
k,,cos(0
dy = dy = IZT(Z)"‘ZIQZCOS(%Q),
ﬁk cos(0
dy =dy=dy=4dy = Hf(ﬁ

d,, = le2+ 3ki(cos(8) - 1) 3ky
2 27

dy = dy = «/§d14,
2, ka(eos(0) 1) Sk;y

dy = Moo + ,
33 2® 3 3
du = d A/_(kz klz) szcos(el)
3 = dy3 = 3 3
dyy = Mz(o2+ 3k2(cos(91)—1)_&12’
2 2
_¢,-B3q, _ g+ 43,
0, = 5 0, = B
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Fig. 6. Directions corresponding to alternation of
masses.

The condition of solvability of Eq. (4) yields a disper-
sion equation that is not given here due to its inconve-
nience.

Let us consider a derived set of equations (4) for
the case of equal particle masses, i.e. M, = M, = M.
Then, the rigidities of the springs should also be k; =
k, =k, = k. The matrix elements are transformed to
the form

dy, = dyy = Mo’ kcosz(el)—sk,
dyp =dy = dy = dy = —“@‘#5(91),

d,=d; = ]%(62)+2kcos(qla),
dy=dy=dy = dy = 3"#“92),

dy = dy = A/§d14,

2, 3kcos(0,)

d22 = d44 = M(D _3k

In this case, set of equations (1) will have a nontrivial
solution if only the condition 4, = 4, and B, = B, is

Fig. 7. Directions corresponding to the chains of identical
atoms.

met. Then it degenerates into set of equations (2) for a
hexagonal lattice containing particles with one and the
same mass.

ANALYSIS OF DISPERSION PROPERTIES
OF ACOUSTIC AND OPTICA PHONONS

In the chosen metamaterial model let us consider
the effect of the particle mass ratio M,/ M, on disper-
sion characteristics of the material. That is why we will
consider rigidities of the springs used to simulate the
interaction of particles equal, i.e., k, =k, = k;, = k.

Several symmetry directions can be distinguished
in the structure, namely the directions corresponding
to alternation of masses (¢ = 0, ¢ = 7/3) and perpen-
dicular to them (¢ = ®n/2, ¢ = 51/6), the directions
corresponding to the chains of identical atoms (¢ =
21/3) and perpendicular to them (¢ = nt/6). The angle
¢ shows the direction of a plane wave propagation with
respect to the x axis. Figures 6 and 7 plot dispersion
relations for these directions. They were constructed
for the given lattice parameters: a=1, M, =1, k=1,
M,/M, = 10. It is seen from the plots that there are both
acoustic and optical phonons in the structure, At ¢ = 0
optical phonons can oscillate at the frequencies equal to

o, = [(—M]l‘;ﬁj/‘[%)k and , = /3 ’(—M;‘/["'A];’[z)k'
142 1772

Let us analyze the dispersion relation at different
values of M,/M, (see Figs. 8 and 9). It is apparent from
ACOUSTICAL PHYSICS Vol. 56
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Fig. 8. Directions corresponding to alternation of masses.
(0] Q)
MZ/MI = 5
N ]
¢=n/6 2m 0 2n o=2n/3 ¢ ¢=7/6 2m 0 2n o=2n/3 ¢q
J3a a J3a a

Fig. 9. Directions corresponding to the chains of identical atoms.

Figs. 8 and 9 that, with an increase in the particle mass
ratio M,/M,, there appears a band of forbidden fre-
quencies between the intervals of allowed frequencies
the width of which can be calculated as minimal in all
directions. Thus, the band width is

14
O3ry3 = [ [

where (oi/ﬁ is the minimum of the frequency of

A = 0)7'[/6

transverse optical oscillations in the direction 1/6

and cozﬁ/g is the maximum of longitudinal acoustic
oscillations in the direction 2n/3. In the direction

ACOUSTICAL PHYSICS Vol. 56 No. 6 2010

¢ = 1/6, there also appears an interval of forbidden
frequencies,

T:/G - maX(mla n/6)

_ (M 1+ M 2)k

Figures 10 and 11 show patterns of equal frequen-
cies along the same directions of a crystalline structure
symmetry. These patterns of equal frequencies are
plane cross sections of three-dimensional surfaces ® =
o(q) separately for longitudinal and transverse acous-
tic phonons (Fig. 10) and separately for longitudinal
and transverse optical phonons (Fig. 11). The Bril-

louin zones can be distinguished in the figures. The
zones are rectangles rotated by the angle m/2 with

A11/6 -
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(D o=0.10; (2)®=0.25; (3)®=0.33;
4) o =0.49; (5)®=0.55; (6) 0 =0.52;
(7) » = 0.50.

(D o=0.10; (2)®=0.30; (3)»=0.47;
4) 0 =0.52; (5)®=0.53; (6) ®=0.70;
(7) ©=0.67; (8) ®=0.62; (9) w=0.57.

Fig. 10. The pattern of equal frequencies for transverse (a) and longitudinal (b) acoustic phonons.

() o=181;
@) o=1.73;
(7)o = 1.763; (8) ® = 1.76.

(2) » = 1.80;
(5) = 1.75;

B)o=1.78;
6) w=1.77;

(1N ow=1.05; 2)o=1.20; (3) ®=1.50;
4) ©=1.80; (5) ®=2.00; (6) ® =2.20;
(7) ® =2.235.

Fig. 11. The pattern of equal frequencies for transverse (a) and longitudinal (b) acoustic phonons.

respect to the cell of a straight lattice (Fig. 5). Ana-
lyzing the patterns of different frequencies for a sin-
gle-mass (Fig. 2) and a double-mass (Figs. 10, 11),

lattices we can conclude that the geometry of the

Brillouin zone repeats that of the lattices which

simulate the structure. The surfaces ® = w(g) are

ACOUSTICAL PHYSICS Vol. 56 No. 6 2010
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g. 12. The surfaces o (k) for acoustic (a) and optical (b) phonons.

(@) lgl=0.5

(b) lgl =m/2

Fig. 13. Angular dependences of phonon phase velocities.

shown separately for acoustic and optical phonons
in Fig. 12.

We also give polar diagrams of phonon phase veloc-
ities (Fig. 13). In the long-wave range, phase velocities
of both acoustic and optical phonons do not depend
on the angle and, thus, the lattice behaves as an isotro-
pic medium (Fig. 13a). With the wavelength decreas-
ing, an angle dependence of the phase velocity begins
to manifest itself (Figs. 13b, 13c), i.e., anisotropic
properties of the medium show up.

CONCLUSIONS

The performed analysis of dispersion properties of
two-dimensional periodic structures showed that, with
respect to long-wave perturbations belonging to both
acoustic and optical dispersion branches, phonon
crystals behave as isotropic media. At wavelengths

ACOUSTICAL PHYSICS Vol. 56
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comparable with the lattice period, acoustic anisot-
ropy begins to manifest itself and there appear prefer-
ential directions along which the phase velocity of
phonons substantially exceeds the velocities of wave
propagation along other directions. Frequency
domains where phase and group velocities can be
oppositely directed are formed. In complex lattices
containing two particles in the Brave cell, there appear
opacity regions between acoustic and optical types of
oscillations. A possibility of controlling dispersion
properties of a phonon crystal by varying microstruc-
ture parameters is demonstrated.
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