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Abstract—The interconnection between variations of elasticity and dielectric permittivity of mesoscopic
solid systems under exposure to ultrasound is experimentally observed. A phenomenological theory general-
izing Debye’s approach for polar fluids is developed to explain the measured data. The substitution of acoustic
measurements by dielectric ones not only simplifies the procedure, but also offers new possibilities to
remotely evaluate the mechanical properties of materials and natural media.
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Mesoscopic solids like polycrystals, granular
media, defective materials, soils and rocks are wide-
spread in nature, science and engineering. They dis-
play unusual properties. For example, their acoustic
nonlinearity can be 2—4 order higher than “physical”
or “geometrical” nonlinearity of perfect media [1].
The huge nonlinearity is caused by several effects,
namely, by Hertzian contact between grains [2] and
micro-asperities of rough grain surfaces [3], by cracks
inside specimen, or by weak bonds between rigid sec-
tions of medium [4]. For fractured solids the measure-
ment of higher harmonics or combination frequencies
of ultrasonic waves evaluates internal damage and,
consequently, the mechanical strength of the medium
or manufactured products [1].

A second phenomenon is “slow dynamics” [5, 6].
“Slow” denotes that after a disturbance of the thermo-
dynamic state of the material—for example by ultra-
sonic irradiation, temperature shifts, or mechanical
impacts—the mechanical properties vary during sec-
onds, minutes, hours, or even days. The softening of
the materials and decrease in sound velocity is typical.
“Fast” means a temporal scale on the order of a period
of ultrasonic vibration. Many mesoscopic solids con-
tain weak bonds whose amplitude of strain vibration
caused by acoustic wave is much higher than the
amplitude for rigid grains. As a result, strong local
heating weakens these bonds, and the total elasticity of
the medium decreases [7, §].

Measurements have been performed mostly in rods
or in core samples serving as acoustic resonators
(Fig. 1). The resonant frequency slowly decreases with
increase in acoustic amplitude. At the same time, a
distortion of the frequency response is observed
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(Fig. 2), typical for nonlinear media. Almost always
the nonlinear distortion and the slow dynamics phe-
nomena take place simultaneously [9]. It has earlier
been shown the possibility to separate the nonlinear
distortion and slow dynamic phenomena using con-
stant strain frequency sweep [10]. Hysteretic phenom-
ena are observed—the mechanical properties depend
on the history of irradiation [11, 12]. Of earlier results
on dielectrics coupled to mechanical effects can be
mentioned that the conductivity of dipole composite
electrolytes had a peak at a mechanical elongation of
10% |13]. Shear mechanical and dielectric frequency
sweep measurements were performed on glass forming
liquids where the loss spectra and their peaks were
measured [14]. Theory and experiments of the dielec-
tric dependence of frequency in granular material can
be found in [15].

Large volumes of experimental data have been
obtained up to now relating to the evolution of param-
eters of structured materials subjected to acoustic irra-
diation. Among them the rock materials must be listed
first, such as granite, sandstone, limestone, a variety of
grainy media, as well as glasses, plastics, and other
materials with complicated molecular structure.

Most acoustically studied media are polar dielec-
trics. Their molecules or domains are known to
attribute a dipole moment even at absence of an exter-
nal electric field. The polarization mechanism for
such dielectric is in the alignment interaction of mol-
ecules with the electric field. The orientation is the
main mechanism for gases and liquids, as well as for
crystals in which dipoles can rotate. With the decrease
in elasticity after ultrasonic treatment the mechanical
resistance to rotation of dipoles decreases as well, and
the dielectric permittivity increases. Therefore the
change in mechanical properties is accompanied by a
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Fig. 1. Scheme of experimental set-up.

change in electrical parameters such as permittivity
and dielectric susceptibility. This connection opens up
possibilities to observe slow dynamics by means of
accurate electrical measurements. In this way a new
method of acoustic-electric diagnostics can be real-
ized.

Measurements were carried out using rods of rect-
angular cross-section made of granite and plexiglass.
Both materials displayed similar behavior, and only
the results for granite are discussed below. The experi-
mental scheme is shown in Fig. 1.

An acoustic wave was excited by a piezoelectric
transducer placed at one end of the rod. A standing
wave was created. The resonance frequency decreased
with increase of the AC voltage amplitude applied to
the transducer (see dashed line in Fig. 2). The nonlin-
ear frequency shift is caused by the softening of weak
bonds between grains and increases with increase in
amplitude ofultrasonic vibration. Thisphenomenon is
an effect of cubic acoustic nonlinearity [16, 17].
Simultaneously the capacitance was measured by two
metallic film electrodes which were glued to opposite
sides of the rod forming an electric capacitor. The
magnitude of its capacitance was measured by a reso-
nant method. Namely, the resonance frequency of
electric vibration was recorded for a swept electric sig-
nal. The measured dependence ofthe electric capaci-
tance (proportional to the dielectric permittivity) on
amplitude is shown by the solid line in Fig. 2.

The theory explaining the connection between the
acoustic resonance frequency shift and the electric
capacitance will now be derived. It modifies the Debye
approach based on orientation of polar molecules of
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fluids in the electric field and their disorder by thermal
fluctuations. The equation for the rotating motion ofa
molecule is [18]:

T ook K (1)

Here likis the inertia tensor, QKis the angular velocity,
and isthe moment ofacting forces. To describe the
motion in the plane containing both the axis of the
molecule (its dipole moment d), and the electric-field
vector E, Eq. (1) is rewritten as
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Fig. 2. Measured dependence of ultrasonic resonance fre-
quency (dashed), and measured capacitance (solid), on
acoustical amplitude for the granite rod.
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Fig. 3. Transient process of electric orientation of a dipole at elastic resistance of surrounding medium.

Here 0 is the angle between the vectors of electric field
and dipole moment. The cross-product is projected
onto the angular velocity vector which is orthogonal to
the plane. Adding to Eq. (2) moments of both the fric-
tion force acting on the molecule at its rotation and
the force of elastic resistance of the surrounding
medium, a nonlinear equation is derived
2
199 4 v 4 4Esin® + BRsin(0-0,) = 0. (3)
dt dt

Here v is the effective viscosity, [ is the elasticity, R is
the typical length of a dipole, and 6, is the value of the
angle 6 when the electric field is switched off.

Evidently, the dipole is “damped” for low (ultra-
sonic) frequencies; it cannot perform a high-Q vibra-
tion. In this case the second temporal derivative in
Eq. (3) can be eliminated. The solution to the corre-
sponding simplified nonlinear first-order equation has
the following form:

tanh(7/1,.) + cos(0,— 0)
I+ tanh(1/1,)cos (8, 0,)

cos(0—-0y) = 4)

Solution (4) describes the turning of a molecule from
its initial position (at # = 0), characterized by the angle
0,, to the final steady-state position (at t — o) for
which the angle 0 reaches the stationary value 0O,
defined by the relation

BR’sin0,
dE + BR2C0890

In all cases the inequality 6 < 0, is valid, and the angle
between the vectors of the electric field and the dipole

&)

tanf, =

decreases with time. The typical time of this transient
process is

to Vv

_ dE
s by = —, —
BR

BR2‘ 6)

o =

t, = -
Jl +20cos6, + o

The time (6) decreases with increase in both field
intensity and mechanical elasticity of the medium. In
very strong fields, at field magnitudes £ — oo, the
steady-state angle O, — 0, and the dipole moment is
directed along the field. In weak electric fields the
angle differs slightly from its initial value 0 = 0,,.

The process of how the angle between dipole and
electric field approaches the steady-state value (5) is
shown in Fig. 3 as a function of two variables: normal-
ized time #/1,and the parameter o (6). The initial value
of this angle (at #/#, = 0) is 6, = 7/2 for all curves.

The dependence of 7,, on the strength of the electric

and the elastic field indicates the nonlinear character
of frequency dispersion of permittivity in strong fields.
The dependence of permittivity on dE/kT is given by
the well-known Langevin function. However, electric
nonlinearity is neglected hereafter; only terms linear
in F are considered.

The potential of the applied forces, in accordance
with Eq. (3), is

U-U, = —dEcosd — BR cos(0 —0,). (7

When the electric field is switched off, the dipole axes
are oriented chaotically and have no preferred orienta-
tion. The initial angle 6, has a uniform statistical dis-
tribution over the spatial angle in spherical coordi-
nates.
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The dipole moment per unit volume (or polariza-
tion of a medium) is a sum of the projections onto E of
the dipole moments of all N molecules in this volume.
The thermal motion of molecules leads to fluctuation
of angles 0, and the polarization equals

P = Nd{(cos0). (8

In this formula angle brackets denote double averaging
over angles 0, and over energies using the Boltzmann
statistical distribution. It is necessary to calculate the
integral

(cos0) = CJ-sineodeo
] : ©
X J.cos Oexp (— %TGO)) sin6do.

0

Here Cis the normalization constant, and Uis defined
by formula (7). Only weak electric fields are of interest
here, and nonlinear polarization phenomena are insig-
nificant. Therefore the exponent in the integrand (9) is
expanded in powers of E keeping only linear terms.
After this expansion and a complicated calculation of
the integral (9) it takes the form

{cos0) = ar _npR ,
3T 4 kT
BRZ 4 kT
F(b) =
1+ (TCBR (TCBR
2 4 kT 4 kT

Here I, and I; are modified Bessel functions. The
function F is the factor accounting for elastic resis-
tance. For fluids »=0and F'= 1, and the simple Debye
formula follows from (10). At small values of parame-
ter b the result

' pR’

dE(
1- 11
64 kT 1D

Fx (1_£b), 0
162) (cost) = 3

is obtained from formula (10), and at large b the
asymptotic dependence ~1/2b is valid.
After calculating the polarization one can derive
the equation for permittivity:
4nNd’ (nBR

g = |+ 20N fTPR ) (12)
3kT  \4 kT

To obtain the result (12), formulas (8), (10) are used,
as well as the well-known connection between electric

field, electric induction and polarization: D = ¢F =

E + 4nP. Because F(b) is a decreasing function of b,

the increase in elasticity of a medium is accompanied

by a decrease of its permittivity (12).
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To be able to compare theory and experiment for-
mula (12) is rewritten in a more convenient form:

_ln(‘c’_l) - dln[kiTF(E%c_R} }

Here the logarithmic derivative on the sound intensity
1 is taken of both sides of the Eq. (12). Now two phys-
ical parameters are excluded from the formula (13),
the dipole moment d of one molecule, and the number
N of dipoles in a unit volume; as it is difficult to evalu-
ate these parameters for media of complicated mesos-
copic structure.

At temperatures below the melting point one can
put » > 1 and use the corresponding asymptotic of the
function F. The explicit dependence on temperature
disappears here and only the dependence through the
elastic module § = B(7) remains. In turn, the temper-
ature increases at increase of the ultrasonic intensity
T = 1(I), and therefore

d
—In(e-1) =
T (e-1)

13)

d
— B,

It is not necessary to give the explicit equations p =
B(T), T'= T() in order to provide an explanation of
experimental results. Instead, by paying attention to
the measured resonance frequency shift, which is pro-
portional to the sound velocity ¢, which in turn is pro-
portional to the square of elastic module, the formula
takes the form:

1 de _ 2dc

(8 -1) dl ~ cdl
Finally, take into account that the intensity is propor-
tional to the square of the amplitude of vibration, and
that both resonance frequency and dielectric permit-
tivity during the experimental measurement varied

weakly in comparison with their initial magnitudes. It
means that

€ = 80+8'7 ﬁes :.f()_f"

Small additions to equilibrium quantities (subscript
“zero”) are marked by strokes. By considering all of
the above remarks, a formula can be derived

= 26, -0,

dA -~ f,

Here A is the amplitude of the acoustic vibration in
the material. Through Eq. (14), the capacitance varia-
tion C' ~ &' can be obtained theoretically from the
experimentally measured variation in frequency /.
The result, with the dielectric permittivity g, of granite
at given humidity taken from literature [19], is shown
by the dashed line in Fig. 4 together with the measured
capacitance from Fig. 2 (solid line). The difference in
slope between the measured and the theoretical curves
is fairly small.

The dependence of dielectric properties of materi-
als on their mesoscopic structure gives the possibility
to conclude if there are internal defects or second

(14)
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Fig. 4. The measured electric capacitance (solid); and the
theoretical electric capacitance (dashed) as functions of
the acoustical drive voltage.

phase inclusions, or to evaluate the material strength
or other mechanical properties. From the viewpoint of
physical applications it is interesting to use these
methods for studying the relaxation and hysteretic
dynamics, as well as the kinetics of phase transitions.
In particular, unusual behaviors of the dielectric prop-
erties of ice and frozen sand were observed recently
[20]. In accordance with the theory (12), the dielectric
permittivity decreased abruptly at freezing. The hys-
teretic loop observed at the cyclic freezing-melting
process is connected with a meta-stable state of ice-
water mixture existing in the presence of impurities.
However, the dielectric measurements [20] were not
accompanied by mechanical ones. Still, it is just the
mechanical properties of frozen soil that are of prime
interest for construction of roads, buildings and pipe-
lines in the north, and these data may be obtained by
processing of electrical data. The use of microwaves at
satellite measurements of permittivity of ground
requires the non-steady state theory, which describes
the frequency dispersion indicated above (see (3), (4)
and Fig. 3).
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